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A s this spring issue goes to press, the Annual
NCSM Conference in Philadelphia is just a few
weeks away. Those of you who plan to attend
the conference may have begun looking through

the conference program to find sessions of interest. Which
of the “Major Speakers” do you want to hear?1 Which
conference strands are of particular interest, and which
sessions within those strands?2 Which Special Interest
Group Sessions might you want to join on Wednesday
afternoon for some work with others who share your
interests? You may also have begun thinking about col-
leagues you will see and perhaps talk with over coffee (or
other beverages!), exchanging stories of your own work in
your own contexts. All in all, the conference is an opportu-
nity to hear from other mathematics education leaders
and think about lessons for your own leadership efforts.

In many ways, our Journal for Mathematics Education
Leadership shares the same mission as these conference
experiences. It creates an opportunity for mathematics
education leaders to tell their stories to others in leader-
ship roles. It also creates opportunities for those of us in
leadership roles to learn from the important work that
others are doing in our field. And while there are not
the same kinds of opportunities to ask questions during
a session or talk with presenters afterward, there are

opportunities to converse with our authors through our
Letters to the Editors where you can share your thoughts
about particular articles, raise questions, and make
connections to your own work or the work of others.
We suspect that many authors would be happy to write
back with a response!

It is with pleasure that we bring you this Spring 2012 issue
full of lots of interesting articles for you to consider.

First, we hear from Lynn Breyfogle, Kay Wolhuter, and
Amy Roth McDuffie about their efforts to support curric-
ular reasoning through a set of interrelated projects that
involved elementary teachers and middle school mathe-
matics teachers. By “curricular reasoning” they mean the
kind of thinking processes that teacher might engage in as
they work with curriculum materials to plan, enact, and
then reflect on instruction. Their work has important
implications for the variety of roles teacher leaders might
play as they work with colleagues to support the thought-
ful and purposeful use of curriculum materials to support
student learning.

We have another opportunity to think about how teachers
use curriculum tools to plan, enact, reflect on, and then
revise their instruction as we read through the article by

Comments from the Editors

Linda Ruiz Davenport, Boston Public Schools, Boston, Massachusetts
Angela T. Barlow,Middle Tennessee State University Murfreesboro, Tennessee
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Randall Groth, Jennifer Bergner, and Harel Barzelai. This
author team examines how high school mathematics
teachers make use of algebra tiles to address important
mathematics content in the context of a lesson study
project. There are important lessons for how facilitated
reflections on lessons, using lesson artifacts and video, can
help teachers reflect on and strengthen how they work
with curriculum tools to support student learning.

In the article from Michelle Stephan, Didem Akyuz,
George McManus, and Jennifer Smith we have yet another
opportunity to consider how teachers might collaborate
to strengthen their mathematics instruction by coming
together to create a mathematical community of teacher
learners. They describe the work of one such community
of middle school mathematics teachers that designed and
then taught a set of lessons addressing the addition and
subtraction of integers. They provide a useful list of the
characteristics of communities of teacher learners and
discuss how these characteristics were reflected in the work
they did together. They also, importantly, identify the
kinds of supports that are needed to create and sustain
these kinds of learning communities.

From there we shift gears to consider an article from Sara
Eisenhardt and Jonathan Thomas about an early numeracy
intervention project designed to provide diagnostic and
intervention services to kindergarten through third grade
students. The project involved professional development
for Mathematics Intervention Teachers through a newly
created Kentucky Center for Mathematics. The article
reports on the nature of this professional development and
its impact on teacher beliefs and practices and well as its
impact on student learning, with some discussions of
lessons for how districts and states might undertake such
efforts at scale.

In an article by Eric Hsu, Diane Resek, and Katherine
Ramage we hear about a project that involved preservice
and inservice mathematics teachers and focused on
changing their conceptions of mathematics. Through this

project, teachers engaged in doing mathematics, selecting
mathematics tasks to do with others and getting feedback,
and considering what it would mean to do this kind of
mathematics with their own students. The authors provide
us with lots of examples of rich problems from the project,
details about challenges and successes as teachers engaged
in these problems, suggestions for what to watch for as
teachers pose these kinds of problems with colleagues and
with students, and some resources that might be useful for
other mathematics education leaders who might want to
take on similar efforts.

Much of the work discussed so far in this issue of the jour-
nal involved some level of collaboration among schools,
districts, and universities. Cathy Kinzer, Lisa Virag, Sara
Morales, and Ken Korn, in their article about partnerships
for learning, discuss what it means to collaborate success-
fully across these different kinds of institutions and organ-
izations. Their Innovation Configuration Map contains
guidelines that, if attended to in explicit ways, have the
potential to strengthen such partnerships considerably.

In our closing article, we hear from Regina Mistretta about
her efforts to prepare teachers to build strong collaborations
with parents and families around mathematics teaching
and learning. She describes a professional development
effort that provided teachers with opportunities to build
these collaborations over time, with a focus on mathematics
content and pedagogy, what it meant to share one’s mathe-
matical thinking, and why this was an important part of
the process of learning mathematics.

We invite you to read through these rich and interesting
articles yourselves to find connections to your own mathe-
matics education leadership work. We also invite you to let
us know about these connections through a letter to the
editor, or perhaps through an article of your own, where
you recount some aspect of related work you might be
doing. Such stories have so much to offer us all!

And perhaps we will see you in Philadelphia!
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Many of us working in mathematics education
leadership roles have experienced the
importance of and challenges in effectively
supporting teachers as they learn to imple-

ment new curricular materials or materials new to them.
Teachers need to be able to discern the important daily
mathematical concepts embedded in the context of the
unit, how these unfold over the school year, and how these
relate to grade level expectations in terms of district or
state standards (Roth McDuffie, Wohlhuter, & Breyfogle,
2011). In addition, teachers need to be able to consider
students’ prior knowledge and implication for how they
might need to adapt, supplement, or omit portions of the
materials to meet students’ needs. For new teachers or
teachers using new materials, this can truly be a daunting
task. In this article, we draw from our professional devel-
opment work in many classrooms (see Breyfogle & Spotts,
2011; Latterell & Wohlhuter, 2004; Roth McDuffie & Eve,
2009) to focus on how mathematics education teacher
leaders, working directly with teachers in schools, can
support teachers in this process. We view teachers leaders
as persons who provide mathematics leadership within a
building or a district and could have roles and titles such
as mathematics specialists, mathematics coaches, princi-
pals, directors of curriculum and instruction, university
mathematics educators, professional development leader,
or other individuals who work to support mathematics
teaching and learning in a school or district. We begin
with a brief background and description of curricular
reasoning—a type of reasoning that we have found is
helpful for teachers to develop—and then discuss two
settings in which teacher leaders can actively support
teachers’ development of this reasoning.

Importance of Curricular Reasoning
Two important shifts having to do with the effective use of
curricular materials have occurred over the past two
decades: (a) the publication of curricular materials aimed
at problem solving, reasoning, and students’ conceptual
understanding of mathematics and (b) the development of
curricular standards with increased accountability for
learning measured by performance on state assessments.
In response to these shifts, mathematics education leaders
have realized the importance of helping teachers develop
thinking processes to engage in as they work with curricu-
lar materials to plan, implement, and reflect on instruction,
a process we refer to as curricular reasoning (Breyfogle,
Roth Mc Duffie, & Wohlhuter, 2010; Roth McDuffie &
Mather, 2009). Although curricular materials can strongly
influence the nature of, and approaches to, mathematics
teaching and learning, curricular materials alone do not
ensure an effective lesson (Boaler, 2002). Teachers’ decisions
significantly influence this process. Below we focus on how
teacher leaders can support the development of teachers’
curricular reasoning while engaging in an observation-
conferencing cycle and supporting teacher collaboration.

Observation-Conference Process Focusing on
Use of Curricular Materials
The observation-conference process provides opportunities
for dialogue between the teacher and teacher leader. In our
work with different groups of teachers, this process was
used to understand the classroom context and to determine
the level of implementation of research-based effective
teaching practices. In both situations, the observation-
conference process was repeated on a regular basis (e.g.,
monthly) and typically occurred within the school day

Supporting Teachers’ Effective Use of Curricular Materials

M. Lynn Breyfogle, Bucknell University
Kay A. Wohlhuter, University of Minnesota Duluth

Amy Roth McDuffie,Washington State University Tri-Cities



during the teachers’ planning period, usually on the day of
or following the observed class sessions. Some teachers
agreed to participate in the projects, some of which included
the videotaping of lessons, but most were encouraged by
their building administrators and consented to participate
as a result.

In the research that focused on understanding the
classroom context, the observation-conference process
occurred between individuals that already knew each
other. For the cadre of teachers focused on research-based
effective teaching practices, we held professional develop-
ment sessions afterschool or on established professional
development days for in order to establish a rapport with
teachers. Additionally, in some of our work, on-going
professional development sessions occurred throughout
the year of working with the teachers. For example, in one
project, one of the authors was asked by the building prin-
cipal to serve as a mentor to his four mathematics teachers
who were struggling with the implementation of NSF-
funded middle school materials during a two-year period.
She first established a rapport with the teachers prior to
these interactions by providing a two-day professional
development session focusing on research-based effective
teaching practices during pre-established professional
development days. She then conducted the observation-
conference sessions during the school day and provided
two-hour after-school monthly professional development
sessions focused on an issue of teaching that emerged
from one of the conference-observations.

As teacher leaders, we can support teachers’ curricular
reasoning by encouraging teachers to focus on students’
needs during discussions about the planning of lessons
and to engage in focused reflection in the post-observation
conference. While enacting this dialogue involving curric-
ular reasoning, teacher leaders can demonstrate respect
for teacher knowledge by employing deep listening and
suspending their personal assumptions about the class-
room (Glover, 2007). In this section we elaborate on ways
in which these practices support curricular reasoning and
improved instruction.

Making decisions based on students’ needs. Effective
teaching is characterized by teachers understanding
students’ mathematical knowledge, what mathematics
students need to learn, and how best to help learning
occur (NCTM, 2000). Teachers develop these practices by

applying curricular reasoning to: identify and understand
the mathematics, anticipate potential approaches that
learners might bring to a lesson, and consider students’
backgrounds and experiences (Breyfogle, Roth McDuffie,
& Wohlhuter, 2010). Teacher leaders can assist in this
process by explicitly discussing the above practices and
posing appropriate questions during the planning of lessons.

Our work with teachers includes research that focused on
understanding the teaching and learning process in begin-
ning mathematics teachers’ classroom (Latterell &
Wohlhuter, 2004). How teachers provided learning oppor-
tunities was one component of a two-year study. An
eighth-grade teacher with the long-term goal of students
understanding properties of linear relationships in tables,
graphs, and equations knew it was important for students
to develop foundational ideas about rate of change. The
Connected Mathematics (Lappan, Fey, Fitzgerald, Friel, &
Phillips, 1998) curricular materials used walking rates as
one context for exploring rate of change. The teacher
supplemented the curriculum by having students observe
classmates’ walking rates before they engaged in the text-
book’s task that asked students to determine how different
walking rates (e.g., 1.5 m/s, 2m/s, 2.5m/s) affected the dis-
tance traveled and time needed for traveling. She observed
students working in groups and listened to them as they
shared their solutions. Based on her observations the teacher
considered the extent to which students were ready for the
next lesson that focused on making tables and graphs.

Effective teacher leaders facilitate this kind of lesson plan-
ning by raising questions that help teachers identify and
understand important aspects of curricular reasoning,
including what mathematical ideas are embedded in the
lesson and how students’ backgrounds and experiences
may affect learning. Possible questions for the rate of
change lesson include:

• How do these mathematical ideas fit together?

• What is the trajectory of learning for rate of change
embedded in or underlying the design of the curricu-
lar materials?

• What evidence do you have about students’ current
understanding that helped you determine to focus on
rate of change in this way?

• How did your students learn about the concept of rate
of change in previous years and where is it leading in
your curriculum?

4
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• From your experience, what have students struggled
with about this idea and how has your planned lesson
addressed this?

• What specific gaps or misunderstandings about rate of
change might be uncovered during the lesson?

• How will you know what each student understood
about the concept rate of change at the lesson’s
conclusion?

• How will you use what you learned about students’
knowledge to determine the content of the next lesson?

Raising questions like these models the types of questions
teachers should be regularly asking themselves.

Providing opportunities for focused reflection that
supports curricular reasoning. Post-observation lesson
discussions provide an opportunity for facilitating teachers’
curricular reasoning development by focusing reflection
on teaching and learning. This means that teacher leaders
serve as sounding boards and mirrors, allowing teachers to
reflect on their lessons and consider ways they might both
revise how they would teach this lesson again in the future
and also adjust the next lesson to meet students’ needs. We
have found this type of reflection to be instrumental in
their curricular reasoning development.

In the project in which one of the authors served as a
mentor to the four middle school teachers, each teacher set
individual pedagogical goals for improving their teaching
at the start of each year. The teachers chose goals such as
finding ways to differentiate instruction to challenge all of
her students and selecting tasks to increase students’ level
of engagement. During observations, the mentor kept these
in mind and focused her note-taking on this particular
aspect of the lesson, including identifying specific times on
the video that could be revisited and discussed with the
teacher during the interview following the observations.
These goals and the teachers’ level of success with the goals
were individually evaluated at each of the subsequent
monthly observation conferences.

The teacher leader observed a 6th grade teacher who set
the personal goal of challenging her students while she
taught a lesson with this objective: to determine if triangles
could be made given any set of side lengths while classify-
ing triangles according to the lengths of their sides (e.g.,
scalene, acute, equilateral or not possible). The plan for the

lesson was for students to intuitively develop the Triangle
Inequality Theorem by trying to construct eight different
triangles given sets of side lengths. For this activity students
were provided pipe cleaners of varying lengths and a lab-
sheet (See Figure 1 on next page) to record their findings.
Concerned about the accessibility of this task with all of
her students, the teacher asked the students to draw and
label an additional column on the table that said, “sum of
two shorter sides” and told the students that they were
going to see a rule. While walking around observing the
small groups, she provided explicit suggestions like “focus
on the ‘length of largest’ to ‘sum’ columns” that funneled
the students’ thinking rather than allowing them to generate
their own conjectures. An unintended consequence of
these kinds of prompts was that the teacher took away the
problematic aspects of the task such that the students were
completing steps rather than engaging in mathematical
reasoning. Sensitized to the goal of challenging all of the
students, the teacher leader made notes of these instances
so that during the observation interview she could raise
questions with the teacher. Showing the videotaped
excerpts and asking questions like, “Why did you choose to
provide this suggestion to this group?” or even more
focused prompts such as “How did your hints/prompts
affect students’ engagement in mathematical thinking and
reasoning of this task?” were intended to help the teacher
identify moves that contributed to decreasing the cognitive
demand of the task, as well as identifying more productive
moves in teaching. Questions such as these help the teacher
realize how seemingly minor changes to the curricular
materials (e.g., adding the column to the lab sheet) and
prompting the students with hints have the adverse effect
of reducing or eliminating opportunities for students to
engage in the reasoning processes on which the lesson
objectives were aimed (for further elaboration see Roth
McDuffie, Wohlhuter & Breyfogle, 2011).

To promote and support teachers’ engagement in curricular
reasoning while reflecting on lessons, teacher leaders can
raise other questions such as:

• Did the sequence of tasks build understandings appro-
priately?

• Did you anticipate students’ needs in preparing them
to engage in the tasks?

• During the lesson’s summary portion, did you
sequence and connect ideas in the materials to solidify
learning and to prepare for future lessons?
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FIGURE 1: Labsheet for Exploration

Name_____________________________________________________________________Date__________________________

Sides of a Triangle (Use with Questions 15 and 16 on page 17.

Directions Try to form a triangle with each stick combination. For each triangle you form,
• make a sketch and classify it as scalene, isosceles, or equilateral.
• record the lengths of its sides in the appropriate columns.

If you were not able to form a triangle, write not possible.

MODULE 1 LABSHEET 2C

Stick
combination

Sketch of
triangle

Type of
triangle

Length of the
longest side

Length of the two
other sides

3 in.
4 in.
5 in.

scalene 5 in. 3 in., 4 in.

2 in.
2 in.
5 in.

3 in.
5 in.
5 in.

6 in.
6 in.
6 in.

2 in.
3 in.
4 in.

2 in.
3 in.
6 in.

3 in.
5 in.
8 in.

5 in.
5 in.
8 in.

4 in.
4 in.
8 in.

Copyright © by McDougal Littell Inc. All rights reserved. Math Thematics, Book 1 1-53

(Billstein & Williamson, 1999)
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Raising questions like these provides opportunities for
focused reflection that supports curricular reasoning and
models the types of questions teachers should be regularly
asking themselves.

Supporting Collaborative Work Involving
Curricular Reasoning
Teacher leaders need to establish and support teacher
communities (Lattimer, 2007). Studies of collaborative
teaching environments indicate that when teachers focus
on students’ learning, teaching practices and students’
learning improves (e.g., McLauglin & Talbert, 2006). While
various models for collaboration exist (e.g., professional
learning communities, lesson study, video clubs), some
common characteristics for effective collaborations
emerged in our work with teachers’ curricular reasoning.

Typically in our research, teachers collaborated in grade
level teams, and in some cases the entire school staff
participated (Roth McDuffie, 2009; Roth McDuffie & Eve,
2009). The team’s work included: examining students’ test
data on state-wide or district assessments; designing and
analyzing common classroom assessments; studying state
curriculum documents for grade-level learning targets;
analyzing curricular material’s purpose, methods, scope
and sequence across grades, and alignment with standards;
and co-planning lessons, observing each others’ teaching,
and analyzing and reflecting on students’ work. Teachers
continually reflected that these collaborative activities
affected their practice because activities were based in and
relevant to their practice and students. In addition, these
activities kept teachers focused on understanding and
learning about students’ thinking, teaching approaches,
mathematics content knowledge, gaps and learning out-
comes rather than limiting work only to “swapping new
strategies and activities” that did not lead to real change.
How teacher leaders structured and supported this
collaborative work influenced the extent to which schools
improved.

In a different two-year project, we collaborated with two
elementary schools, with all teachers working in grade
level teams as described above. In the second year, a new
principal came to one of the schools. Although this
principal supported and encouraged teachers’ collabora-
tive work, given that she was new to the school, she was
reluctant to establish clear expectations or hold teachers
accountable for collaborating with their teams to improve
teaching and learning. This new principal’s stance stood in

contrast both to the other school and to the school’s
previous principal. Patterns for the relationship between a
teacher leader’s stance or actions and teachers’ engagement
in collaborative teams were evident. With these experi-
ences and other researchers’ findings in mind, we found
that teacher leaders needed to both support and expect
teachers’ collaboration. Additionally, teachers needed to be
held accountable for outcomes from their efforts. This
accountability helped the whole school to prioritize collab-
orative school improvement. Below we discuss ideas for
ways to support and expect collaborative work as teachers
interact with their curricular materials and engage in
curricular reasoning.

• Recognize that building this culture centered on
improving students’ learning requires time in the day
and occurs over time in the year(s). Provide time and
space (e.g., prioritize collaborative work in scheduling)
for work to take place, and then ask for agenda and
reports for team’s activities and progress to maintain
accountability.

• Help teams to develop goals for work centered on
students’ learning (different from collegial interactions
which degenerate into “trading worksheets”).
Depending on the model for collaboration, many
resources are available to guide this process (e.g.,
Lewis, 2002; McLaughlin & Talbert, 2006).

• Ensure that teachers feel safe to try different approaches.
Support responsible risk-taking by allowing them to
keep collaborative planning, common assessments, and
lesson observations separate from teachers’ evaluations,
and understand that innovations will need revisions
and improvements. Expect teachers to justify their
experimental approaches with research-based literature.

• Invest in the teams’ efforts by attending meetings and
serving as an active member. Teacher leaders’ attendance
provides opportunities to model deep listening and
discourse that builds on participants’ ideas. In addition,
by listening to discussions, teacher leaders can identify
ways to support teachers’ work and address any early
obstructive behaviors before they become a problem
(e.g., a leader can hold a private discussion with a
teacher who may be showing signs of obstructing the
work to reflect back behaviors and explore how the
teacher could better support the learning team).

• Allow teachers to drive and own the process, respect
their knowledge and expertise (Lattimer, 2007), and
value different ways each teacher can contribute.



In considering the last recommendation, we identified a
range of roles that teachers can take on in a collaborative
environment. Participants’ roles and the corresponding
contributions that we have encountered are described in
Table 1. These roles highlight a need for teacher leaders to
value teachers’ expertise, strengths, and voice in designing,
planning, and implementing the collaborative learning, and
if needed, to help teachers identify their roles. Teacher
leaders and participants must expect and communicate
that the obstructer is not an acceptable role. Note: critically
examining and carefully considering new approaches/
materials (a form of curricular reasoning) is an important
part of the process to ensure that new approaches are not
tried just because they are different, and this type of think-
ing should not be confused with obstructing the work.

Conclusion
In this article, we have conceived of “teacher leaders” quite
broadly to include persons with various roles in a building
and/or district and who are in a position to support teachers
in their professional development and learning. A theme
underlying the recommendations and approaches we
discussed is that teacher leaders need to actively look for
and provide opportunities to engage teachers in examining
their practices and supporting their students’ needs and
learning. Specifically, we focused on developing curricular
reasoning as an important part of becoming an effective
mathematics teacher. Teacher leaders can help develop
teachers’ curricular reasoning by considering powerful
questions to ask during teachers’ design and lesson
planning and when observing teachers, and also by
encouraging and supporting their collaborative work.

8
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PARTICIPANT ROLE DESCRIPTION OF CONTRIBUTIONS FROM PARTICIPANT IN THIS ROLE

Table 1. Roles for Participants in Collaborative Learning Settings

Seasoned Practitioner Anticipates trouble spots and strengths based on years of working with students.

Researcher Reads professional literature, reviews and uses supplemental curricular materials, considers
perspectives from educational research and theory, and/or attends outside workshops/speakers,
and regularly shares new knowledge.

Organizer Coordinates meeting scheduling, initiates agenda planning, keeps meeting notes and records,
makes sure materials are prepared in advance, and reminds participants of responsibilities for
follow through.

Encourager Provides supportive comments, makes sure all voices and ideas are heard and valued, attends
to emotional needs of participants, and keeps work moving in a positive direction.

Experimenter Offers to try new approaches in his/her room as a test case, open to new strategies and/or
using new materials, willing to pioneer new ideas (especially when others are reluctant to
change and need to see it tested first).

Obstructer Finds obstacles or reasons not to collaborate and improve. Participants should not permit
others to take on this role, and teacher leaders may need to intervene to ensure that all
participants are expected to avoid this role.
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One of the most formidable challenges in school
mathematics is helping students learn algebra.
The construction of algebraic habits of mind is
an important milestone in students’ mathemati-

cal development (Driscoll, 1999). To reach this milestone,
students must learn algebra with understanding rather
than simply learning by rote (Kieran, 2007). Although
conceptually oriented teaching approaches show promise
for building student understanding (Senk & Thompson,
2003), making the shift to a reform-oriented curriculum is
a non-trivial matter. Teachers often must re-examine their
personal paradigms of mathematics instruction while also
learning about new content and instructional materials.
Mathematics education leaders need to be cognizant of
teachers’ specific professional development needs with
regard to algebra teaching and learning and determine
how to address them.

Learning appropriate uses for manipulatives is a common

need among teachers making the shift to conceptually ori-

ented instruction (Chval & Reys, 2008). Manipulatives

afford unique opportunities for students to explore the

structure of mathematical ideas, but simply placing them

in front of students will not, in and of itself, improve

learning (Ball, 1992; Chappell & Strutchens, 2001;

Moyer, 2001). Teachers play important mediating roles

in how they introduce manipulatives and encourage

students to use them. Those who are most successful

are able to support students without taking over the

thinking involved in the problem at hand (Stein &

Bovalino, 2001). In order to do this, teachers themselves

must have a deep understanding of the mathematical

ideas in a lesson and the manner in which manipulatives

can be used to help reveal the conceptual structures associ-

ated with these ideas.

Algebra Tile Model
Algebra tile manipulatives can be used as tools to foster
conceptual understanding in beginning algebra courses.
A diagram of the pieces in a typical set of tiles is shown in
Figure 1. For an example of the use of algebra tiles, consider
the multiplication (x + 1)(x + 3). The product can be
interpreted as the area of a rectangle whose dimensions
are (x + 1) and (x + 3). A diagram for performing the
multiplication is shown in Figure 2. The shaded area in
Figure 2 indicates that the area of a rectangle with dimen-
sions (x + 1) and (x + 3) is x2 + x + x + x + x + 1 + 1 + 1,
or x2 + 4x + 3. As another example, if students were to
factor x2 + 4x + 3, they could begin by building the rec-
tangle shown in the shaded area of Figure 2. The task of
factoring could then be interpreted as reading off the
dimensions of a rectangle with area x2 + 4x + 3. Doing so

Supporting Teachers’ Understanding and
Use of Algebra Tiles

Randall E. Groth, Jennifer A. Bergner, Harel Barzilai
Salisbury University, MD

FIGURE 1. Pieces in a typical set of algebra tiles
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would give the factorization (x + 1)(x + 3). Additionally,
one could interpret the x2 + 4x + 3 area as a dividend. The
x + 1 length could then be thought of as a divisor, with the
width, x + 3, being the quotient determined from con-
structing a rectangle with and area of x2 + 4x + 3 and
length of x + 1.

Lesson Study Professional Development
We had the opportunity to work with a group of four high
school mathematics teachers as they used algebra tiles with
their students as part of a university-sponsored lesson
study project. The group was established as part of a larger
funded project that included three school districts (Groth,

2011). The teachers were new to the lesson study process
and to using algebra tiles with students. One teacher in the
group, Janet (all teacher names are pseudonyms), had
recently learned of algebra tiles at a professional confer-
ence. When presented the opportunity to engage in lesson
study, Janet suggested to the group that they focus on
becoming better acquainted with the tiles and using them
to teach polynomial factoring. The other teachers in the
group agreed that polynomial factoring was a difficult
topic for their students and were willing to explore the
potential of the algebra tiles to teach polynomial factoring
during their lesson study work together. Because the alge-
bra tile model was new to them, they expressed interest in
the opportunity to learn how the algebra tile model might
be used to address the mathematics content they were
responsible for teaching by working with their colleagues
and university faculty during lesson study.

The lesson study process for the project is depicted in
Figure 3. Its structure allowed teachers to gradually polish
and refine ideas for instruction as they worked together.
The rectangles in Figure 3 represent the phases in a lesson
study cycle. Arrows between the rectangles indicate the
progression that occurred from one phase to the next.
Teachers were given one semester to progress through each
cycle and completed two cycles (see Table 1). As indicated
in Figure 3 and in Table 1, the first phase consisted of con-
structing a lesson collaboratively. The lesson study goals
were not dictated by university personnel. Instead, teachers
chose learning goals in collaboration with one another
(Lewis & Tsuchida, 1998). Once the goal of teaching

FIGURE 2. Algebra tile diagram for polynomial
multiplication and factorizations

FIGURE 3. A lesson study professional development model
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polynomial factorization using algebra tiles was identified,
the teachers collaboratively wrote a lesson to be imple-
mented by one of the members of the group.

After the teachers wrote their lesson plan, it was sent to
university faculty for review. Two university mathematics
faculty members reviewed each lesson. The faculty reviews
were solicited because previous research has shown that
perspectives from outside a lesson study group can be
valuable for identifying areas for improvement in lessons
(Fernandez, 2005; Yoshida, 2008). Reviewers made written
comments on potential strengths and weaknesses of the
lessons. Within two weeks of the submission of each lesson,
university faculty feedback was sent to the teachers. Teachers
were then asked to use the feedback, to the extent they
judged feasible, to revise the lesson before implementing
it. Throughout the process, they had the freedom to accept
or reject any feedback using their professional judgment.

After the initial written lesson was revised, one member
of the lesson study group taught it while another member
of the lesson study group video recorded it. The videos
were later viewed by all of the teachers during a debriefing
session, along with the second and third authors of this
article. Although it is ideal to have all of the teachers pres-
ent in the room when the lesson is implemented (Lewis,
2002), when schedules do not allow for this, a video of the
lesson can be used as an alternative. During each debrief-
ing session (one per cycle), the teacher who implemented
the lesson and the videographer provided context to help
explain the lesson video. After this information was

shared, the video was played, and debriefing session par-
ticipants took notes on perceived strengths and weaknesses
of the lesson. When the video concluded, each individual
participating in the meeting was prompted to share his or
her perceptions. The arrow from phase 5 (debriefing) to
phase 1 (planning) in Figure 3 shows that the debriefing
session conversation from the first lesson study cycle
sparked a second cycle.

As the lesson study process was carried out, several artifacts
were retained to record its history and analyze teachers’
learning:

• Written lessons produced by the teachers;

• Written feedback on the lessons given by university
faculty;

• Video recordings and transcripts of the lessons teach-
ers implemented during the first and second cycles of
the lesson study; and

• Audio recordings and transcripts of the debriefing
session conversations involving the university faculty
and teachers during the first and second cycles of the
lesson study.

The authors of this article collaboratively analyzed the
artifacts to identify key learning experiences during the
project. Our goal in doing so was to help other mathematics
education leaders anticipate elements of teachers’ knowl-
edge that may need development and support as they
begin to use algebra tiles and other manipulatives to
address important mathematics content.

12

Table 1 — Lesson Study Timeline

Fall semester: Lesson study cycle 1
Lesson-implementing teacher: Janet

1F. Algebra tile lesson designed collaboratively by teachers

2F. Algebra tile lesson reviewed by university faculty
3F. Teachers re-wrote lesson, taking university faculty feed-

back into account

4F. Janet implemented the lesson with her class and it was
video-recorded

5F. Debriefing session occurred in which university faculty
and teachers viewed and discussed video-recorded
lesson. This motivated another cycle of lesson study in
the spring dedicated to improving algebra tile usage
during instruction.

Spring semester: Lesson study cycle 2
Lesson-implementing teacher: Martha

1S. Algebra tile lesson from the fall cycle revised by
teachers using feedback from cycle 1

2S. Revised written lesson reviewed by university faculty

3S. Teachers re-wrote lesson, taking university faculty
feedback into account

4S. Martha implemented the lesson with her class and
was video-recorded

5S. Debriefing session occurred in which university faculty
and teachers viewed and discussed video-recorded
lesson. Discussion focused on how the lesson could
be further refined and improved.



Key Learning Experiences for Teachers
Beginning to use Algebra Tiles
In the remainder of this article, we describe what we con-
sider to be the most important elements of conversations
that occurred as teachers learned to use algebra tiles:

• Grounding students’ work with algebra tiles in the
concept of area;

• Helping students understand how the length of a tile
is meant to represent a variable quantity;

• Using algebra tiles to establish the conceptual ground
for factoring rather than just illustrating procedures;

• Choosing polynomials with the potential to encourage
genuine problem-solving; and

• Encouraging problem-solving classroom discourse
with algebra tiles.

We conjecture that several of these elements apply not

only to the group of teachers described in this article, but

will also apply to other teachers learning to use algebra

tiles. Some of the elements also apply to the use of manip-

ulative models in general, such as focusing on concepts,

problem solving, and rich classroom discourse.

GROUNDING STUDENTS’ WORK WITH ALGEBRA
TILES IN THE CONCEPT OF AREA
Although the algebra tile model is based upon dimensions
and areas of rectangles, it was challenging for teachers to
think about how to make this connection in their classrooms.
In the group’s first collaboratively written lesson, the rela-
tionship between algebra tiles and area was not mentioned
at all. When the teachers sent the written lesson to us for
review, we recommended that they connect students’ pre-
vious experiences with area outside of algebra classes to
work with polynomials. One recommended activity was to
have students make as many arrangements of 12 unit
blocks as possible to find the factors of 12 before doing
similar work with trinomials. This work would then lead to
situations where length and width were variable quantities.

After the reviewers’ comments were shared with the lesson
study group, the teachers met with each other to decide
how to use the feedback to edit the initial written lesson.
Janet (a pseudonym, as are the rest of the teacher names in
this report) then taught the revised lesson in her class. One
striking feature of the lesson video was that the word
“area” was not used at all in reference to the tiles. Janet
gave a name to each piece in the algebra tile set, and then

characterized the task of factoring a polynomial as arrang-
ing the appropriate pieces into a rectangle. This made each
factorization into a jigsaw puzzle-like task to perform.
When Janet wanted to prompt students to provide the
factors of a given polynomial, she asked the question
“What do these have in common?,” being somewhat
ambiguous about what “these” referred to. When students
did not respond to the initial question, she would ask a
more directive question such as “How many columns are
there?” so a student would offer the correct response. If the
idea of area had been used in connection with the tiles, it
would have allowed her to focus students’ attention
instead on the question, “What are the dimensions of a
rectangle with the area of the given polynomial?” During
the debriefing session for this lesson, we again mentioned
the connection to area and encouraged teachers to make
this connection during the cycle 2 lesson.

When implementing the cycle 2 lesson, the teachers did
attempt to connect the concept of area to the algebra tile
model. The implementing teacher for the cycle 2 lesson,
Martha, asked students to think about what a 3 by 3 rec-
tangle would look like with the unit tiles. She then asked
students to think about an x by x rectangle, encouraging
them to generalize the model to rectangles with variable
lengths. Despite this progress from the cycle 1 lesson, it
still proved difficult to connect the algebraic concepts rep-
resented by area to the lesson at points where this connec-
tion would be useful. For example, after Martha began dis-
cussing a rectangle with dimensions (x + 2) and (x – 3)
with students, the word “area” was not used for the
remainder of the lesson. Instead, when students were given
factoring problems, Martha told them to decide what was
“above” and “to the left” of the “box” rather than to find
the dimensions of a rectangle with a given area. During
the debriefing session for this lesson, we once again took
the opportunity to suggest that teachers frame polynomial
factorization tasks as determining the length and width of
a rectangle whose area is represented by a given polynomial.
After viewing the cycle 2 lesson video, teachers recognized
this as being necessary for strengthening student’s concep-
tual understanding.

HELPING STUDENTS UNDERSTAND HOW THE
LENGTH OF A TILE IS MEANT TO REPRESENT A
VARIABLE QUANTITY
Another key instructional decision discussed during
debriefing sessions was that teachers required students to
put their algebra tile diagrams for factorization problems

13

NCSM JOURNAL • SPRING 2012



14

on grid paper. This occurred during both the cycle 1 and
cycle 2 lessons. Although this move produced neat-looking
student papers, it also implied that the x-length in the
model had a set integer value. (See Figure 4.) Algebra tile
manipulatives are intentionally constructed so that unit
tiles cannot precisely measure out the x-length, but when
drawing tile pieces on graph paper, this structural charac-
teristic of the model is lost. During debriefing sessions,
teachers initially supported the decision to use grid paper
for algebra tile diagrams because they felt the grid paper
and colored pencils helped students organize their work.
Janet, however, did express concern that having students
work on grid paper caused some to think that the pieces
representing variable length actually represented a fixed
length of a certain number of grid squares. She acknowl-
edged hearing students express this misinterpretation of
the model as she circulated about the classroom during
the cycle 1 lesson. Janet was satisfied that the problem was
addressed, however, through her individual conversations
with students as they worked.

Teacher leaders guiding teachers’ first experiences teaching
with algebra tiles would do well to keep in mind the prob-
lematic nature of representing variable lengths with fixed
plastic pieces. Designers of algebra tiles try to address this
dilemma by making unit squares that will not divide

lengths that represent variable quantities. This technique,
however, has the potential to cause almost as much confu-
sion as having students sketch tiles on grid paper. While
grid paper sketches imply that the variable quantities have
fixed integer values, the tiles themselves can be interpreted
to represent variable quantities as fixed non-integer values.
To overcome this conceptual hurdle, it can be helpful to
consider online virtual manipulatives. Some online ver-
sions of algebra tiles (e.g., http://nlvm.usu.edu/en/nav/
vlibrary.html) (Cannon, Dorward, Heal, & Edwards, 2001)
use built-in sliders that allow users to change the length of
x to portray variable quantities. As the sliders are moved,
the side lengths in algebra tiles and the rest of the diagram
change accordingly. Once students understand the funda-
mental idea of variable side lengths, their work with plastic
tiles or grid paper can be recognized as portraying just one
possible value for x.

USING ALGEBRA TILES TO ESTABLISH THE
CONCEPTUAL GROUND FOR FACTORING RATHER
THAN JUST ILLUSTRATING PROCEDURES
The algebra tile model is meant to make polynomial mul-
tiplication and factorization accessible to students by
building a bridge from students’ understanding of area to
the development of more formal algebraic techniques. In
some cases during the lesson study project, this intended
sequence was essentially carried out in reverse. That is,
students were asked to use the tiles to check or illustrate
the result of using previously learned procedures for poly-
nomial factorization and multiplication. Part of this was
due to the fact that students had studied conventional
techniques for polynomial factorization and multiplication
earlier in the year, and rather than attempting to ignore
previous instruction on the topic, the group built it into
their plans.

At the outset of the project, the lesson study group wrote
in their lesson plan that they considered knowledge of
polynomial multiplication to be a necessary prerequisite
for working with algebra tiles. At some points in the first
implemented lesson, Janet asked students to check their
work by multiplying polynomials symbolically. This move
encouraged students to appeal to a procedure to judge the
correctness of their answers rather than using the structural
characteristics of the tile model to understand and justify
the formal procedure. The tiles then essentially became a
way to illustrate a procedure rather than a means to pro-
vide conceptual grounding for the process of factoring
polynomials. This difficulty lingered through the second
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FIGURE 4. Grid paper sketch of an algebra tile diagram
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implemented lesson. In that lesson, Martha at one point
told students, “You will be using your knowledge of factor-
ing to figure out what goes in the box.”When a student
presented an incorrect algebra tile diagram for factoring
x2 – 2x + 1 to the rest of the class, Martha explained why it
was incorrect by demonstrating a conventional symbolic
procedure for factoring she had previously taught. She did,
however, seem to believe that there were limitations in
appealing to previously-learned procedures to understand
a concept. For instance, she told students at the outset of
the lesson that it would have been ideal to use the tiles
earlier in the year, when they were just beginning to learn
polynomial multiplication and factoring.

Failure to ground students’ work with algebra tiles strongly
in the idea of area appears to be a cause of having to
appeal to procedures to determine the correctness of
student work. When the concept of area is missing from
an algebra tile lesson, the primary means for determining
the correctness of any given factorization is to check (or
create) tile arrangements by going back to previously-
learned procedures. Therefore, during the debriefing ses-
sion for the second implemented lesson, university faculty
again recommended making a stronger connection
between the algebra tiles and the idea of area. It was sug-
gested that teachers frame polynomial factorization tasks
as determining the length and width of a rectangle whose
area is represented by a given polynomial. Doing so allows
students to check their work by examining the dimensions
and area of rectangles instead of relying solely upon
memorized procedures. The teachers took up discussion
of this idea during the debriefing session for the second
lesson they implemented, and began to consider using the
algebra tiles at the outset of instruction instead of waiting
until students had learned procedures for polynomial
multiplication and factoring. Introducing the tiles before
formal procedures gives students a chance to recognize
formal symbolic procedures as convenient abbreviations of
their concrete work with the tiles. Teachers did not have
the opportunity to pursue this sort of re-sequencing of
instruction during lesson study, but the lesson study
process introduced the idea as a goal for future work.

CHOOSING POLYNOMIALS WITH THE POTENTIAL TO
ENCOURAGE GENUINE PROBLEM-SOLVING
Teachers beginning to use algebra tiles also should develop
the art of careful task selection. In the first written lesson
teachers produced during the lesson study project, the
tasks they selected largely resembled those that would be

given using a conventional approach to teaching factoriza-
tion. In some cases, these tasks happened to be suitable for
tile-based approaches (e.g., factor x2 + 6x + 9). In other
cases, the tasks used time inefficiently because of the large
number of tiles that would be necessary for producing the
accompanying representations (e.g., factor x2 +15x + 36).
When we reviewed the first written lesson, we suggested
changes in the included tasks students were to perform.
Polynomials with negative coefficients were missing from
the problem set, so their inclusion was recommended in
place of polynomials that simply required a large number of
tiles. Teachers incorporated this suggestion into the imple-
mented lesson during the in-class tasks students were to
perform and as part of the homework assigned for the day.

Despite teachers’ acceptance of suggestions on task alter-
ation during the first cycle of lesson study, their second
written lesson indicated that it would be profitable for
them to continue to delve more deeply into the issue of
task selection. In the written lesson plan the teachers pro-
duced at the beginning of cycle 2, they noted that “some
students will have difficulty as the numbers get bigger,”
showing that they still considered the absolute values of
the coefficients to be the primary determinant of problem
difficulty. In a review of the second lesson, it was noted
that the constant term in each polynomial the teachers
planned to present was positive, so including some with
negative constant terms for students ready for such a chal-
lenge was suggested. Non-prime constant terms were sug-
gested as another means of increasing the level of chal-
lenge, since the number of rectangular arrays that can be
formed is greater than for primes. It was also suggested
that non-factorable trinomials be included among the
problem set in order to cause student discussion of the
characteristics of such polynomials.

Some of the written suggestions from the lesson reviews
were incorporated into the tasks teachers used in the
implemented lesson although the changes were mostly to
smaller features of individual tasks. For instance, the
suggestion to include polynomials with negative constant
terms was adopted by asking students to factor x2 – x – 6.
However, the idea of including some polynomials that
would not factor was not implemented. Instead, at one
point during the cycle 2 lesson, Martha stated, “You will
see that it will work out, and if it doesn’t work out, you
mess around until you get one (a rectangle).” Some of her
students may have interpreted this statement to mean that
any quadratic could be factored with algebra tiles even
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though Martha may have only intended to convey that all
of the polynomials given in class and in the text could be
factored with the tiles. Hence, although teachers’ attention
was drawn to some of the subtle but important differences
in tasks suitable for algebra tiles during lesson study, task
selection persisted throughout the project as an important
area for further attention.

When working with teachers on framing tasks, teacher
leaders may find it useful to incorporate the levels of
cognitive demand framework described by Smith and
Stein (1998). It provides a means for explicitly discussing
the types of student thinking required in tasks posed by
teachers. The four levels in the framework can be summa-
rized as follows:

•Memorization: tasks that simply require memorization
of facts, rules, or definitions;

• Procedures without connections: tasks whose comple-
tion relies solely upon execution of previously learned
procedures;

• Procedures with connections: tasks that require
students to use procedures but also prompt them to
explore the procedure’s conceptual underpinnings;
and

• Doing mathematics: tasks that have no prescribed
solution method; students need to draw on conceptual
knowledge to devise solution strategies.

Although we prompted the group to reach toward higher
levels of demand by suggesting tasks that required novel
student thinking (e.g., non-factorable polynomials and
those with negative coefficients), we did not explicitly
share the four-level framework. In subsequent professional
development work, the first two authors have found the
framework to be useful for fostering meaningful conversa-
tions about higher-level tasks. Similarly, Arbaugh and
Brown (2005) found that using the framework helped
improve teachers’ choice of tasks. Such experiences suggest
that it may be profitable for lesson study facilitators to
explicitly introduce the notion of level of cognitive
demand as a device to help teachers choose and design
genuine problem-solving tasks.

ENCOURAGING PROBLEM-SOLVING CLASSROOM
DISCOURSE WITH ALGEBRA TILES
A final observation addresses the contrast between the
classroom discourse in the lessons implemented during
cycles 1 and 2. In posing the first factoring problem in the

lesson, Janet started with the premise that the tiles com-
prising the polynomial must form a rectangle. Rather than
showing students precisely how to form the rectangle, she
took suggestions from the class. As the class worked, she
asked some students to demonstrate their strategies for
forming rectangles for different polynomials. At times, this
meant that trial-and-error strategies were demonstrated by
students. On the other hand, during the cycle 2 lesson,
Martha tended to funnel students toward the solution she
was looking for by asking a series of questions that
required only one-word or one-number responses.

Part of the reason for the difference between the two class-
rooms may have been that the scaffolding questions to be
asked as the lesson moved from example to example were
not specified in the group’s written lesson. This allowed
for a greater degree of individual interpretation about
which types of questions would be most effective.
Therefore, as teachers construct written lessons, it can be
useful for supervisors to work with them to decide how
questions will be posed before implementing the lesson.
Although it would be nearly impossible to write all of the
questions teachers are to ask during a lesson, it is helpful
to have consensus that the types of questions posed will
encourage students’ intellectual engagement with problem
solving rather than restricting their thinking with narrow
questions and directives.

As teacher leaders work with teachers to help encourage
problem-solving discourse, the NCTM (2000) communi-
cation process standard can be a useful reflective device. It
emphasizes the importance of student-to-student commu-
nication, stating that students should “analyze and evalu-
ate the mathematical thinking and strategies of others” (p.
60). It also connects classroom discourse to task selection,
stating, “Students need to work with mathematical tasks
that are worthwhile topics of discussion. Procedural tasks
for which students are expected to have well-developed
algorithmic approaches are usually not good candidates
for such discourse” (p. 60). As teachers view lesson video
during debriefing sessions, they can be encouraged to ana-
lyze the extent to which the classroom discourse models
the recommendations of the process standard. In cases
where alignment is lacking, the process standard can help
in the diagnosis of root causes. For instance, in the lesson
Martha implemented, opportunities for student-to-student
communication were lacking. She also tended to lower the
levels of cognitive demands of tasks by providing many
directive questions while teaching. Tracing problematic



aspects of classroom discourse back to their root causes
provides information that can be used to re-structure and
polish instructional plans during lesson study.

Conclusion
We hope this paper offers insights to mathematics instruc-
tional leaders about challenges they may encounter as they
help teachers begin to use algebra tiles with their students.
We have described a number of ideas teachers learned as
they engaged in collaborative planning and conversation,
but it should be noted that we gained just as much from
the opportunity to interact with the group. As we reflected
on the group’s progress and challenges, we began to re-think
the ways in which we introduce algebra tiles in our univer-
sity level mathematics and mathematics education courses
for pre-service and in-service teachers. In particular, we

now focus more strongly on the connection to area as the
underpinning conceptual ground for the algebra tile
model. Once that connection is established, it becomes
easier to discuss the ideas of tile length as a variable quan-
tity, the distinction between illustrating procedures and
teaching concepts, the importance of choosing appropriate
polynomials for students’ work, and optimal classroom
discourse patterns for tile use. As teachers learn to construct
lessons incorporating these elements, their students gain
rich opportunities to learn algebra with understanding.
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In his seminal work, Richard DuFour argues compellinglythat if educational reforms are to be sustained long-
term, schools must transform themselves into
professional learning communities (DuFour, 1998).

Professional learning communities (PLCs) can be distin-
guished from traditional school cultures in that all personnel
from the principal to the classroom teacher are committed
to collaboration using data about student learning to make
decisions regarding school policy and practice. Supporting
a school-wide culture that acts in this way is more difficult
than it seems since teachers are accustomed to (and quite
comfortable with) working in isolation. Encouraging
teachers to make their students’ learning public to other
teachers is met with resistance because it exposes our
personal teaching practices and beliefs to our peers.

In this paper we describe the conditions under which one
group of mathematics teachers formed their own commu-
nity of learners. We use the term communities of learner
(COL) to refer to groups of two or more individuals
(teachers, administrators or others) that collaborate about
student learning, in contrast to an entire school body that
we consider a professional learning community (DuFour,
1998, DuFour, 2004, DuFour 2007). Therefore, within one
school that is operating as a PLC, there could be multiple
smaller COLs at work. However, not all teams of teachers
operate as COLs just because they meet on a regular basis.
Our goals are to explicate 1) the characteristics of COLs
and how they differ from traditional teacher teams and 2)
the conditions that underlie the creation of strong COLs
within schools with the hope that our work can be used to
influence other cultures interested in doing the same.

Theoretical Perspective
The theoretical perspective that guides our discussion is
rooted in situated learning theory (Wenger, 1998). In this
view, teachers’ practices and decision-making are situated
within various other groups. As Cobb and McClain (2006)
explain, teacher change is enabled and constrained as they
form teacher networks that function within the confines of
other groups within the educational system. For example,
teachers must work within the context of their specific
department, which is situated within the school, the district
and the community at large, including parents, school
boards, state legislative bodies and university officials. Teacher
networks are viewed as nested within broader contexts and
teacher networks can form across levels, e.g., collabora-
tions across departments or across schools (see Figure 1).
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FIGURE 1. Nesting relationship among various
education cultural groups
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In this figure, our COL can be located in the inner rectangle
and is supported and constrained by other mathematics
teachers within the school, which in turn operate within
the larger setting of the school, within a district, and with-
in the larger community. The participants at each level
who operate within more than one level are referred to as
brokers (Cobb and McClain, 2006). For example, one of
the teachers in this paper served on various boards at the
district and state level. She was, therefore, able to bring
information about district and state policies regarding
mathematics education to her COL.

Further, and more importantly, there is a bi-directionality
of influence in that not only can people, policies. or activi-
ties in the outer levels enable and constrain the policies
and practices at inner levels as is the traditional view, but
also, communities at the inner levels can effect policy and
practice outwardly at the department, school, district, or
broader levels. As an example, our COL was asked to
present our work on student interviewing to the monthly
principals’ meeting at the district level and also to a dis-
trict-wide committee of teachers and assistant principals
from each school. Our presentation contributed to the
notion that assessing students via listening to them solve
tasks before the unit is implemented can be a powerful
tool for teaching, promoted the notion that data that is
used in data-driven teaching can also be qualitative in the
form of listening to students’ preconceptions, and con-
tributed to the creation of a district-wide definition of
“mathematical big ideas.” This example illustrates that the
members of our COL served as brokers who contributed
to the interchange of information between the teaching
community and the district-wide committee of teachers,
administrators, and policy makers. Additionally, our work
had the effect of spreading from the classroom to the dis-
trict (outward direction) which led to increased support
for our efforts to use data-driven practices in our class-
rooms (inward direction) in the future through additional
common planning sessions of 3 ½ hours, the creation of a
leadership team, and days off from teaching to focus on
collecting data to design effective instruction.

The purpose of our paper is to describe the policies and
practices within multiple layers of Figure 1 that allowed
for the emergence of a community of learners at the
innermost level, a group of five mathematics educators.
We do so by first describing the participants in the COL.
We then elaborate on the three most important character-
istics of PLCs that also serves as the foundation of a strong

but smaller community of learners, using an example from
our mathematics planning to illustrate the characteristics
of COLs, and then use these three characteristics to define
what makes COLs (and PLCs) different from traditional
teams of teachers. We are not making any claims that our
school was a PLC. Rather, we are claiming that five mathe-
matics teachers were able to form and sustain a powerful
COL situated within the context of a school that was
attempting to instigate change towards a PLC. Next, we
return to our theoretical framework to describe the policies
and practices at multiple levels of our educational system
in order to explain the conditions that led our COL to be
successful and sustain its work into the subsequent years.
Finally, we reflect on what we have learned in order to
provide implications for other schools or teachers that
might want to start their own communities.

The Mathematics Community of Teacher
Learners
Our community of learners (COL) consisted of four
seventh-grade mathematics teachers from a middle school
serving approximately 1300 students from an upper-
middle-class suburb of Orlando, Florida and one doctoral
student from a local university. These four mathematics
teachers included Stephan, Smith, MacManus, and Dickey,
all of whom came together partway into the school year as
the result of an opportunity to participate in a doctoral
research project that involved using instructional material
addressing integers developed the year before and tested
by Stephan, McManus, and Smith (Stephan, 2009) rather
than the instructional material addressing integers in the
Connected Mathematics curriculum materials adopted by
the district. The COL agreed to plan their instruction on
integers together and, as part of this process, would also
talk daily to reflect on their instruction. Since there was no
teacher’s manual for this instructional unit, frequent
meetings were important for planning their instruction as
well as tracking the mathematics learning of students and
implications for their instruction.

Of the four teachers that formed the COL, only Smith
could be considered a veteran with 10 years of teaching
in special education. The other three teachers, Stephan,
McManus, and Dickey, had taught 4, 3, and 1 years,
respectively. One teacher, Stephan, had 5 ½ years experi-
ence teaching and doing research at the college level, and
this year, she was teaching full time in the middle school,
half of her time devoted to teaching and the other half as a
mathematics coach for the school. Stephan and Smith had
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co-taught in an inclusion setting for three years and
Stephan and McManus had co-planned daily the year prior
to this paper. Akyuz, the doctoral student, was serving an
internship in Stephan’s classroom and attended class three
times per week for the entire school year.

We began meeting one week before our instruction on
integers began. In those initial meetings, Stephan and
Akyuz shared readings on the historical development of
integers as well as research articles examining students’
understanding of integers. From there, the focus shifted
toward the instructional materials themselves, and we
envisioned how these materials might be used with stu-
dents—what Schoenfeld (2000) refers to as developing a
lesson image. All five participants met together at least
once per week for a formal meeting while more informal
meetings occurred on an almost daily basis. If only two or

more of us could meet, one of the members took the
responsibility to debrief the other team members.

CHARACTERISTICS OF COMMUNITIES OF
LEARNERS
In this section we consider three characteristics of our
Community of Learners with some examples of those
characteristics. We want to stress that just because
teachers meet together to plan instruction, that does not
make them a Community of Learners. COLs have very
specific characteristics that set them apart from teacher
planning teams.

Characteristic #1: Student-Centered Teaching:
Determining learning goals, assessing students’ concep-
tions, and supporting students who are struggling. Prior
to instruction, all five members of the COL met to discuss
the learning goals for the integers unit. The “big ideas”
important for integer addition and subtraction are listed
in Figure 2 below (see Stephan & Akyuz, in press, for more
details). Instruction began in the context of net worth and
used finance to build subsequent integer concepts and
operations with a particular focus on addition and sub-
traction. Consequently, the big ideas listed below are cast
in the context of finance and mathematics with more
specific learning goals listed beneath each.

The broad goal of our instruction was to begin with a real-
istic context, giving students opportunities to think about
integers as net worth, debts, assets, and transactions, and
then move them toward more abstract reasoning with
integers such as computing the difference between -1000
and -3000. At completion of the unit, we used these big
ideas to write common assessment problems. In additional,
we assessed students daily in order to find out more about
their developing understanding, and if any students were
struggling, they received individualized instructional
attention from the teacher.

Characteristic #2: Focus on student learning, not just
teaching. One of the hallmarks of DuFour’s PLC notion is
that organizations should become learning institutions
rather than only teaching ones. On a smaller COL scale,
we attempted to model this, with most of our conversa-
tions focusing on student learning. Generally, formal
meetings were reserved for teachers to discuss the current
goals of the instructional sequence, the next few goals in
the sequence, students’ current and anticipated thinking,
and our means of supporting that thinking. To initiate

FIGURE 2. Big ideas for the integer unit

Big Idea One: Interpreting Net Worth as a
Positive/Negative Difference

• Net worth as a combination of a positive and
negative value

• When a negative value is greater than a positive,
the combination is negative

Big Idea Two: Using Zero as a Point of Reference for
Calculations

• Referencing zero to determine net worth
• Referencing zero to compare two net worths
• Referencing zero to add or subtract integers
• Cancelling equal positive and negative quantities

Big Idea Three: Comparing Integers with a Vertical
Number Line

• Higher negative numbers are further away from zero
• Structuring the gap between two integers to find
the difference

Big Idea Four: Reasoning with a vertical number line
to determine the results of addition and subtraction
operations

• Determining the effect that operations have on a
quantity

• Finding results of integer operations on the vertical
number line

• Commutativity of subtraction with integers does
not hold true

Big Idea Five: Determining the meaning of positive/
negative signs

• Using flexibility with symbols to find unknown
operations

• A minus sign is different than a negative sign
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discussions in these meetings, teachers might bring in
examples of students’ work, either in written form or from
memory, and we would then use student thinking as the
springboard for setting subsequent mathematical goals for
instruction. If students’ thinking did not match what we
predicted in our lesson imaging, then we wrote new activi-
ties to strengthen and build on their current thinking. If
students’ thinking flowed as predicted, then we engaged in
further lesson imaging by working out the next few pages
of the instructional activities to remind ourselves of the
intent of the instruction and to anticipate what strategies
our students might create to solve the problems, both
productive and not. We developed questions that we might
ask to help students who are struggling as well as questions
designed to further strengthen the thinking of students
who were ready for a challenge.

As a part of our lesson imaging, we used anticipated student
thinking as the vehicle to generate possible questions for
discussion in our classrooms. Each of us valued NCTM’s
process standard (2000) stressing the importance of creat-
ing opportunities for students to engage in meaningful,
genuine mathematical discourse. This type of environment
includes supporting students’ conjecturing, proving, and
revising conjectures based upon new ideas. Consequently,
our instructional tasks were posed in ways that were
intended to support conjecturing, and we discussed ways
in which the teacher could highlight students’ conjectures
when they arose in class, so these could be used as a basis
for our classroom discussions.

Characteristic #3:Ongoing data-driven decision making/
assessment. In describing our experiences above, we have
shown that our decisions about instruction were influenced
primarily by our analysis of student learning on a daily
basis. The data we used to make these decisions were
examples of students’ work from that day, including both
classwork and homework. In many instances, our analysis
of these data led us to make adjustments to instruction.
For instance, our unit used the context of finance to teach
integers with students understanding that a person’s net
worth is the difference between his total assets and total
debts, and we introduced problems that asked students to
determine a person’s new net worth when a transaction
caused his original net worth to change. Based on what we
saw happening with our students as they worked on these
kinds of problems, we decided to introduce a vertical or
“net worth” number line as a means for recording their
operations with integers. This net worth number line was
colored black on top (positive) and red on the bottom
(negative).

At one point in our instruction, we asked students to use
this net worth number line to determine someone’s new
net worth if their original net worth was -$1000 and they
incurred a debt of $500. Students created at least two
different ways of reasoning with the number line, as
shown below (Figure 3).

At the time, the students’ second strategy surprised us and
became the major focus of our analysis. Students who
were modeling the problem situation this way were having

FIGURE 3. Two different ways students reasoned with the number line.

Students would place the
beginning net worth, -1000,
on the line, draw an arrow
worth 500 down and record
the new net worth of -1500.

Students would place both
numbers from the problem on
the number line and find the
difference.



difficulty interpreting their actions on the number line.
The confusion occurs because the two numbers on their
line represent different quantities: 1000 signifies a net
worth and the 500 is a transaction. Our instructional
intent was that student models would most easily fit the
problem situation if the transactions were represented by
the arrows. As a consequence of analyzing students’ differ-
ent ways of thinking about and modeling integer operations,
we made adjustments to instruction the next day. We
posed a similar task and asked students to symbolize their
actions on the number line again. We then asked students
to decide which inscription more accurately depicted what
happened to the net worth, and students decided to place
transactions on the arrow to show whether the net worth
was changing for the better or worse.

In one of our last meetings, we focused on developing an
assessment for the integer unit that all of us would all use
with our students. We began by recalling what our mathe-
matical goals had been at the beginning of the unit and
any unanticipated goals that had arisen during implemen-
tation. Each teacher chose several of these goals and wrote
possible questions. Stephan collected the questions and
created the final unit assessment, sent it back to us for
analysis and discussion, and then revised the assessment
based on our feedback. Schedules did not allow for a for-
mal debriefing meeting after we had given the assessment
to our students, but we held several informal debriefs, and
found that students had shown proficiency with almost all
of the big ideas of the unit. A few students still had diffi-
culty interpreting the meaning of a negative sign when
problems only contained one, instead of two signs, such as
-1000 – 2000 rather than -1000 – (+2000). Even though it
was a minority of students, we agreed that our instruction
next year should focus more heavily on problems that
contain only one sign. In this way, summative assessments
can show not only the success of an implementation but
also lead to changes for the next year.

CONDITIONS FOR SUPPORTING COLS
In this section we revisit the theoretical model in Figure 1
and explore the policies and practices of the various
communities at other levels of schooling that made it
possible for our COL to thrive. We start by looking at the
innermost level, the classroom teachers that comprised the
COL, and move our way toward the outermost rectangle,
the community.

Support #1 [Classroom Level]:We cannot stress enough
that the emergence of our COL would never have been
possible without the commitment of the teachers. This
commitment involves teachers who believe that to teach,
you must be a student. We believe that an inquiry pedagogy,
which involves examining your classroom practice in col-
laboration with other teachers, is a rare phenomenon, yet
one that is extremely rewarding. While it may be debatable
whether or not you can mandate teacher participation in a
COL of this type, we feel that voluntary participation was
a key to creating and maintaining our shared goal.

While it can be frightening to share one’s student data with
other teachers, creating a safe environment for sharing
data is essential for the community to thrive, and this
requires teachers who believe that instructional decisions
should be informed by student thinking and learning. One
of the characteristics of our environment that helped to
create safety was that our topics of discussion rarely
focused on teacher actions but, rather, centered on student
thinking. McManus and Smith recounted numerous times
that they felt comfortable in our meetings because they
never felt like their pedagogy was under scrutiny or attack
from other teachers. In fact, when they would ask questions
like, “How should I have taught this differently?” the lead
teacher would always bring it back to students rather than
the teacher by asking, “How were your students reasoning?”
The focus on students’ thinking made our conversations
less personal and gave the teacher some basis for making
their own decisions about changes to their pedagogy.

Support #2 [Classroom Level]: In our case, Akyuz’s dis-
sertation served as the catalyst for the emergence of our
COL. However, we emphasize that Stephan and Akyuz
could have conducted this study in the isolation of their
classroom, but deliberately chose to let it serve as an
opportunity to create a community of learners. This
means that the establishment of COLs relies on at least
one strong teacher leader that recognizes these opportuni-
ties when they arise and can take advantage of them.We
contend that a strong teacher leader is one that is per-
ceived by his or her peers as having expert knowledge of
teaching in his or her field, knows how to create a safe
environment for teacher collaboration, and focuses 90% of
professional conversations on student learning and the
implications for practice rather than administrative tasks.
Good teacher leaders have what Collins (2001) refers to
as a “hedgehog concept,” a strong commitment to one
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particular aspect of teaching, and can therefore see (and is
looking for) opportunities to further their agenda. The
teacher leader’s hedgehog concept in this COL has always
been to be the best at student-centered mathematics
instruction and found ways to encourage other teachers to
join her in strengthening their practice in this manner. In
fact, when this project was over and the next school year
began, the teacher leader was transferred to another grade
level and was not available to work with these teachers
again, but this limitation did not stop these teachers from
forming their own COL and sustaining the practices of
our collaboration. Thus, when asked whether or not COLs
working at this level can be sustained, the answer is a
resounding “yes,” as they are still going on after four years
even after the original teacher leader has moved on.

Support #3 [Mathematics Department Level]: Our math-
ematics department chair continually highlighted her
vision that teachers collaborate with one another during
common planning time. During department meetings and
in personal conversations, she encouraged teachers to use
their planning time to work together as much as possible.
She modeled this practice herself with one other teacher in
her grade level. In addition, she often set aside department
meeting time so teachers could collaborate on creating
common assessments for the courses they all taught.Without
this support from the mathematics department chair, it is
possible that our COL would have had difficulty forming.

Support #4 [School Level]: The role that our principal
and assistant principal played in supporting our COL was
crucial. First, the principal’s vision of our school involved
working towards becoming a Professional Learning
Community. At the beginning of the year, she distributed
a short article describing PLCs to each member of the
teaching staff so that those who had not heard of them
would become more informed.

Our principal continued to share this vision with us at fac-
ulty meetings and in her one-on-one conversations with
each of us. Knowing this was not enough to initiate a PLC
environment, she held monthly meetings with teachers in
key leadership roles (e.g., coaches, department heads, tech-
nology support). In these meetings, the teachers attempted
to create a vision for the school that was consistent with
PLCs. By virtue of being the mathematics coach of the
school, Stephan participated in many of these meetings,
and therefore, was exposed to the PLC vision.

While teacher leaders were creating the school vision with
their faculty and each other, the principal made key struc-
tural decisions in order to better support the emergence of
COLs. She implemented a common planning period for
teachers, explaining that she expected us to use that time
to plan together. She hired more teachers from within the
staff to serve as coaches in mathematics, technology, lan-
guage arts, reading and cooperative learning. By creating
these positions she was attempting to convey her vision
that teachers use each other and their coaches to make
meaningful inquiries into their practices.

For her part, the assistant principal in charge of the math-
ematics program also provided a means of support for our
COL by giving us approval to set aside our adopted cur-
riculum materials for five weeks in order to explore our
teaching of this new unit. This decision required us to
focus on student reasoning without the support of a
teacher’s manual that often includes material that may
address the student thinking that is likely to come up in an
instructional unit. We are not suggesting that it is always
useful to set aside the teacher’s manual for curriculum
materials, as these often provide important supports for
instruction. But in this case, having to think together
about the mathematical goals, the student thinking, and
our strategies for engaging that thinking without the sup-
port of a teachers manual created a context in which these
kinds of discussions were essential. We acknowledge that
COLs can also productively work through and discuss
supports provided by a teacher’s manual to address the
mathematical ideas, student thinking, and strategies for
engaging that thinking as an ongoing part of their plan-
ning for instruction.

Support #5 [District Level]: Our district was in its third
year of implementing Connected Mathematics Project 2.
Three years prior to the creation of our COL, a team of
teachers and administrators from all twelve middle schools
in our district formed a group called CDDRE who, in
conjunction with key district personnel, adopted not only
the Connected Math Project 2 program but also made a
strong commitment to a student-centered approach to
teaching advocated by the NCTM Standards (2000). The
purpose of the CDDRE meetings was to come together in
collaboration with teachers from all over the district to
discuss strategies for improving mathematics instruction
and strive toward our shared goal of increasing the number
of students who score at the proficient level on the state test.
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CDDRE administrators and teachers were taught how to
use data to drive decision-making at all levels and were
charged with shaping their school mathematics programs
in this manner. Data was often defined in these meetings
as quantitative assessments on pre- and post-tests. Teachers
from this CDDRE worked together to create common
assessments to be voluntarily used by teachers at various
schools. Stephan participated in the committee to create
these common district assessments. Our department chair,
assistant principal, and a lead teacher were regular mem-
bers of this CDDRE and all felt that the district vision for
mathematics aligned perfectly with our principal’s vision
for our school.

Support #6 [Community Level]: An important means of
support came from the Florida Department of Education
and the local University. Recently, the Florida Department
of Education convened a group of experts to rewrite the
state standards for mathematics instruction using the
NCTM Curriculum Focal Points (2006) as their guide.
These new standards advocate teaching for understanding
using only a few big ideas per grade level, rather than
teaching for mastery of a large number of concepts, as was
previously the case. The vision of the new State Standards
is that students should be encouraged to explore, conjecture,
justify and represent mathematics in meaningful and
sophisticated ways while becoming proficient in skills. This
message is consistent with the vision of our district as we
implement a reform-based curriculum and of our princi-
pals as they provide means of support for transforming
traditional mathematics classrooms to inquiry environ-
ments. In addition, the adoption of these new reform-
based standards provided a catalyst for teachers in our
district and our COL in particular to start investigating
approaches to teaching that were more student centered.
We see the adoption of the Common Core State Standards
as a key opportunity to create a number of COLs within
our school that explore new strategies for teaching mathe-
matics based on student thinking and learning.

Another important source of support for our COL came
from the mathematics education research community.
Stephan had previous research experience as a college
professor. Her research focused on supporting students’
development of mathematics and designing instruction
that was inquiry based. As a consequence, she was able to

bring information about student learning from the
research community to the COL.

Constraints: Because of the strong alignment of vision
across so many levels of our school community, our COL
did not encounter many constraints. As we planned
instruction on integers, we were of course constrained by
the district’s instructional plan, as well as the State’s
benchmarks for students. We therefore, had to create
instruction that aligned with the district’s plan and taught
the required benchmarks for that concept. For us, that was
a minor constraint and did not inhibit our inquiry.

We also experienced many of the same constraints that are
reported across school district: lack of time, money and
resources. However, we were able to use what resources we
had to accomplish the goals of our COL and our adminis-
trators provided us not only with common planning time
but also provided us with additional time together using
coverage from paid substitutes when the need arose.

Implications
We believe that there are several components that supported
our Community of Learners.*

• Voluntary Commitment to the COL. One key to the
success of our COL was that the teachers came together
around a common purpose that had everything to do
with the practical daily life of teaching. Simply put, we
wanted to improve our instruction on integers, and
created a COL focused on student learning to accom-
plish this goal. Since the COL goals were created by
teachers working together toward a common goal, we
were more invested in the success of our community
than if we had been mandated by the principal to
create a COL. That is not to say that COLs are not
possible when principals charge their teachers to par-
ticipate in one. In our experience, when COLs are not
optional, they begin as teams and take much more
time and focus to become fully operating COLs.

• Safe Environment for Pedagogical Discussions.
Creating an environment in which it is safe to share
your practice was a crucial characteristic of our COL.
Because our conversations always started with how
our students were thinking and learning, teachers did
not feel their practice was under attack. This is not to
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say that there were never tensions among participants.
Disagreements are necessary for growth of a COL.
However, the disagreements focused on student
thinking, and ways the team might adjust instruction
to better support the students, rather than judging the
success or failure of a teacher’s actions in her classroom.

• Strong Teacher Leader(s).We cannot overemphasize
the importance of placing strong teachers who share
the vision of PLCs in leadership roles within the
school. These leaders need to possess the talent to rec-
ognize when other teachers share a common interest
in student learning and the ability to encourage those
teachers to form COLs to accomplish their goals. They
also must possess knowledge of and commitment to
serving as a broker across different levels of the school
community. For example, to encourage other teachers
and administrators within his or her school or
throughout the district to put learning at the core of
teaching, the broker must be willing to and know how
to seize opportunities to engage others in this vision
when they arise. District administrators as well as local
ones must search for this type of broker and place
them in formal leadership positions if their school is
to become a PLC in the long run. Administrators must
also provide the resources needed by their teacher
leaders such as common planning time and extra
planning time.

• Shared Vision of Teaching. Another crucial character-
istic of schools that work as PLCs and include COLs
is that a vision of learning and teaching is shared at
the beginning of their work. Because the members of
our COL shared the same vision, all we needed was a
teacher leader to bring us all together to engage in
work focused on student learning, along with the
support of our administrators who helped facilitate
our work instead of constraining it.

• Goal Alignment. One of the significant characteristics of
our experience forming the COL was that key representa-
tives and policies at various levels, from the teachers on
up to the community, had goals that were aligned around
student learning and standards-based teaching. The new
state standards, the district’s CDDRE group, administra-
tors and the teacher leaders at our school knew the value
of student-centered learning, data-driven decision making,
and inquiry learning for both students and teachers.
Additionally, many of them served as brokers themselves
to convey the vision of teaching as learning and learning
as inquiry among their constituents in both outward and
inward directions (e.g., parents, school board members
and teachers and other administrators whose vision may
or may not have aligned).

Conclusion
In this paper, we have described the characteristics of a
Community of Teacher Learners that align with the goals
of DuFour’s Professional Learning Communities. While
PLCs focus on a school-wide vision for attending to student
learning, our COL notion refers to smaller groups of
teachers that come together and work in the same manner
as the larger PLC that DuFour envisions. While our
particular middle school was not operating as a PLC, our
principal attempted to initiate the process early on, and
supported our smaller efforts to engage in practices similar
to the larger PLC.We have argued that without the support
of multiple brokers (e.g., administrators, teacher leaders,
state standards, and district policy makers), our chances of
initiating and sustaining our work as a COL would have
been minimal. Additionally, our work was not only sup-
ported by other leaders outside of our COL, but also we
influenced practices outside of our COL, just as Cobb and
McClain’s (2006) theory suggests. Teachers in other disci-
plines have now formed teams at our school, although it is
debatable whether they are operating as true COLs yet.
Furthermore, our COL members have served as brokers to
speak to other educational constituents both within and
outside our district.
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A significant number of children struggle with
quantitative ideas during the first few years of
their academic careers and fail to construct a
meaningful sense of number. These early

struggles, if not addressed, can limit students’ mathematics
performance as they move through the grade levels. If
these struggling students are fortunate enough to receive
intervention services, most often they are provided too late
and are provided by teachers with little knowledge of
numeracy development. Duncan et al (2006) identified the
predictive power of early mathematics knowledge and
found that knowledge of numbers and ordinality were
the most powerful predictor of later learning. The study
recommends future research to identify “promising early
math interventions” (p. 21).

Research on the factors contributing to student achieve-
ment discovers again and again that teacher expertise is
one of the most important variables in determining
student achievement (Darling-Hammond & Ball, 2004).
Research also suggests that many elementary school
teachers in the United States lack essential knowledge for
teaching mathematics and this lack of knowledge directly
impacts how well they teach mathematics (Ball, 1990; Ma,
1999). In fact, many elementary teachers report that they
do not have sufficient conceptual understanding of mathe-
matics and rely on rote computations and algorithms for
instruction (Gerretson, Bosnick, & Schofield, 2008).

There seems to be agreement that mathematical perform-
ance is unlikely to improve without serious attention to
the ongoing professional development of elementary

teachers of mathematics. The research findings and stu-
dent achievement data reflect the compelling need for
high-quality professional development opportunities for
elementary teachers of mathematics that focuses on
developing knowledge of the conceptual foundations of
elementary mathematics, the features of effective mathe-
matics instruction, how to use curriculum materials to
support instruction, and strategies for using assessment
data to inform that instruction. There is a critical need to
identify effective early intervention programs to enable
more students to be successful mathematicians.

Review of Literature
Engaging teachers in identifying which concepts and skills
they want students to learn, anticipating students’ challenges,
and understanding the nature of students’ misconceptions
improves teachers’ instructional practices and results in
more positive and significant student outcomes (Blank, de
las Alas, & Smith, 2007; Carpenter, Feneman, Peterson,
Chiang, & Loef, 1989; Cohen & Hill, 2001; Lieberman &
Wood, 2001; Saxe, Gearhart & Nasir, 2001). Kennedy
(1998) conducted a literature review to identify the features
of effective professional development programs and found
that “‘programs whose content focused mainly on teachers’
behaviors demonstrated smaller influences on student
learning than did programs whose content focused on
teachers’ knowledge of the subject, on the curriculum, or
on how students learn the subject” (p. 18). Kennedy’s
literature review suggests an important role for content-
emphasis in high-quality professional development. The
most useful professional development directly relates to
the teachers’ work and involves a cycle of assessment,
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active teaching, observation and reflection (Darling-
Hammond & McLaughlin, 1995).

Ongoing and sustained professional learning that provides
teachers with opportunities to collaborate together allows
teachers to learn together, apply their learning to their
classroom context, and reflect on what is effective and why
(Loucks-Horsley, Hewson, Love, & Stiles, 2009) and also
promotes the creation of a shared understanding of what
constitutes effective mathematics teaching and learning.
The process of learning in small, supportive groups with
colleagues promotes the likelihood of teachers changing
their instructional practices (Dunne, Nave & Lewis, 2000).
Situating collaborative conversations in dilemmas that
teachers experience in their teaching creates meaningful
and authentic opportunities for teachers to examine their
instructional practices. Little (1990) found that collabora-
tion focused on authentic work resulted in high-quality
solutions to instructional challenges, increased teacher
confidence and resulted in significant gains in student
achievement. Findings from the National Commission on
Teaching and America’s Future (2010) indicate this kind of
collegial interchange is a requirement of professional
learning designed to strengthen instruction.

Context of the Study
In spring 2005, the Kentucky Legislature passed House
Bill 93 that called for the development of a multi-faceted
strategic plan to improve K-12 student achievement in
mathematics. One important focus of this bill was the
need to provide developmentally appropriate and research-
based diagnostic and interventions services to kindergarten
through third grade students through a newly created
Kentucky Center for Mathematics (KCM). The KCM chose
as part of its mission to develop expertise among the
Mathematics Intervention Teachers (MIT) community in
order to affect significant positive changes in student
learning of mathematics at the primary grades.

Typically, students participated in 30-60 minute intervention
sessions daily (in addition to the regular mathematics
instruction) and these sessions might involve either indi-
vidual students or small groups of students. The KCM
purposefully allowed some flexibility in this area so that
schools might construct an individualized model for
intervention to meet the needs of varying school contexts/
structures. The only ‘non-negotiables’ were that interven-
tion sessions did not conflict with the students’ classroom

mathematics instructional time and that MITs’ time must
be spent conducting mathematics intervention with chil-
dren. Students who no longer needed additional support,
based on assessments administered by the MITs, were
released from the program.

Given the considerable evidence supporting the effectiveness
of sustained and job-embedded professional development
(Loucks-Horsley, Hewson, Love, & Stiles, 2009), the KCM
required that MITs involved in this project participate in
ongoing job-embedded professional development provided
by the KCM. This consisted of a program of professional
development that grew to include an intensive 5-day
summer institutes, periodic 2-3 day within-year institutes,
weekly online team meetings, and periodic face-to-face
collegial team meetings.

Initially, the MIT professional development was associated
with either Number Worlds (Griffin, 2004; Sarama &
Clements, 2004; SRA, 2007) or Math Recovery (U.S. Math
Recovery Council, 2006, 2008; Wright, Martland, & Stafford,
2000; Wright, Stanger, Stafford & Martland, 2006) inter-
vention programs. The professional development focused
on developing MITs’ knowledge of the complexity of
numeracy development. MITs learned about the stages of
numeracy, characteristics of the various stages in the
learning trajectory, and the instructional strategies appro-
priate for advancing student development along the
learning continuum during the summer sessions. The
weekly online meetings and the collegial team meetings
provided a forum for MITs to discuss their individual
students, professional challenges, and new professional
insights with other MITs. Beginning in 2007, many MITs
who were using Number Worlds also chose to participate
in professional development associated with Math Recovery
or Add+VantageMR (U.S. Math Recovery Council, 2008)
and used a combination of the approaches in the interven-
tion teaching. Add+VantageMR is, foundationally, very
similar to Math Recovery in that both programs use similar
professional development frameworks and progressions
to map children’s mathematical development. Indeed,
Add+VantageMR and Math Recovery both rely upon
learning frameworks developed by Wright et al. (2000; 2002;
2006); however, one key difference is that Add+VantageMR
was designed for small group and whole class interventions
while Math Recovery was designed for more intensive
one-on-one interventions. This difference is articulated in
professional development that emphasizes instructional
experiences groups or individuals respectively.
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External evaluators conducted a
randomized study comparing the
pre- and post-achievement levels of
participating students and students
eligible for participation but unable
to receive services due to the MITs
capacity limit. The external evalua-
tors also identified similar sites
without an MIT and tracked the
progress of students deemed eligible
for intervention at those sites. The
end of the first year and every year
thereafter on the Terra Nova assess-
ment noted significant gains in
student achievement among
students receiving support from
these MITs for students in kinder-
garten through third grade. More
specifically, pre- and post-test
student achievement results on the
Terra Nova at the end of the first
year of implementation indicate that first grade interven-
tion students supported by the NumberWorlds intervention
(1000+ students) achieved, on average, an increase of more
than one year and the first grade intervention students
supported by Math Recovery gained on average more than
two years growth. On average, the intervention students
made gains that exceeded their peers eligible for the
intervention who were not provided with these services.
Sustained impact was evidenced by longitudinal Terra
Nova data demonstrating that intervention students were
performing at or near grade level a year or more after exiting
the program (Figure A). Average first grade achievement
results over four years demonstrated results at or near
grade level expectancy after one year of intervention
despite beginning average scores well below those expected
of entering kindergarten (Figure B).

The student achievement results suggest that the KCM
was successful in its efforts to strengthen the mathematics
achievement of low-performing students’ in kindergarten
through grade three for those students supported by
the interventions offered by MITs participating in the
professional development provided through this initiative.
The purpose of this study is to identify the factors that
contributed to the success of the professional development
initiative.

Methodology
PARTICIPANTS
The primary participants in this study were the MITs who
participated in the professional development initiative and
provided instructional interventions based on individual
student understanding of and fluency with number. The
program started with 46 MITs in the summer of 2006, an
additional 41 MITs in the summer of 2007, and an addi-
tional 27 MITs in the summer of 2008. Interviews were
also conducted with building and district administrators
and classroom teachers whose students were serviced by
the MITs.

DATA SOURCES
The study used data from end of the year surveys, semi-
structured interviews, and field notes of observations that
allowed for a convergence triangulation of data across
perspectives. Surveys were administered following each
year of participation in professional development to assess
MIT perceptions of the nature of mathematics, beliefs
about teaching and learning mathematics, self-efficacy
regarding their own proficiencies in mathematics, and the
usefulness of the professional development in improving
student learning. Semi-structured interviews and observa-
tions of MITs engaged in teaching, collaborative planning,
and professional development sessions were conducted
beginning in July 2007 and concluding in May 2010.
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During the 2007-2009 school years, observations and
informal interviews were conducted in professional devel-
opment sessions during the summer and in collegial team
meetings with regular education classroom during site visits
to seven schools (three urban, two rural and two suburban
schools) during the school year. During the fall of 2009,
participant observations and interviews were also conducted
during four days of Math Recovery training. Additional
interviews were conducted and recorded via telephone.

A total of 112 semi-structured interviews were conducted
with 47 MITs, 56 regular education teachers of participating
students, and 9 administrators from July 2008 through
May 2010. The purposes of second and third year semi-
structured individual and focus group interviews and
observations were to learn: 1) how participation in program
activities contributed to teacher growth, 2) what learning
was most transformative, 3) what changes in instructional
practices resulted from participation in the program, and
4) how these instructional changes impacted their students.

Qualitative data was analyzed using the constant compara-
tive method of grounded theory (Glaser and Strauss, 2009)
and involved the constant interplay between the researcher,
the data, and the developing theory. All interviews and
field observations were transcribed and analyzed using
three cycles of analysis: open coding, axial coding and
selective coding. On this basis, a theory was developed
that enabled a rich description of the components that
contributed to MITs’ professional knowledge and aspects

of their interventions that contributed to increased student
achievement.

Results
MATHEMATICS BELIEFS SURVEY
The Mathematics Beliefs Survey results MITs were generally
confident of their knowledge of mathematics and generally
enjoyed mathematics. A high percentage of MITs across all
three years of the program indicated they liked doing
mathematics and were interested in mathematics. Changes
in MITs’ attitudes towards mathematics from the pre-
participation survey to the post-participation survey
demonstrated significant changes in the MITs’ attitudes
towards mathematics in a positive direction. As a result of
participation in this professional development, an increased
percentage of MITs also indicated that they looked at
underlying reasoning, application, and use of hands-on
activities and that anyone can learn mathematics and that
they know they understand a concept when they successfully
explained it to another person. For example, MITs were
less likely to agree or strongly agree that, “To understand
mathematics, students must solve many problems following
examples provided.” Significant declines were also present
with the following questions: “Doing mathematics consists
mainly of using rules.” and “Knowing step-by-step proce-
dures is necessary to solve mathematical problems”
(University of Cincinnati Evaluation Services Center,
2009). Complete evaluation reports are posted on the
Kentucky Center for Mathematics website at
http://www.kentuckymathematics.org/research.asp.

SEMI-STRUCTURED
INTERVIEWS AND
OBSERVATION DATA
Three main themes
emerged from the analysis
of interviews and observa-
tions of MITs’ responses
during professional devel-
opment sessions attended.
These themes were:
1) conditions and culture
2) professional competen-
cies, and 3) changes in
practices and beliefs.
Conditions and culture
describes the requirements
of the MIT role and the
level of collaboration.
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FIGURE B: Program Consistency
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Professional knowledge describes the professional knowl-
edge of teaching including knowledge of mathematical
content and pedagogy. Change describes the changes in
MITs’ instructional practices and beliefs about how chil-
dren learn mathematics. While these themes had distinct
qualities to them, there was much overlap and interplay
between these. These themes will be presented separately
for the purpose of reporting.

Conditions and culture.A majority of MITs were class-
room teachers selected by their building or district admin-
istrator to serve in this this role. Participation in ongoing
job-embedded professional development was a job
requirement. During the professional development, MITs
deepened their conceptual understanding of early numera-
cy, exploring mathematical tasks from many different per-
spectives, and exploring those different perspectives
together. They spent many hours reviewing, analyzing, and
discussing video clips of students responding to similar
mathematical tasks using the Stages of Early Arithmetic
Learning (Steffe, von Glasersfeld, Richards, & Cobb, 1983;
Steffe, Cobb, & Glasersfeld, 1988; Steffe, 1992) and other
constructivist researchers to make sense of what they saw
students doing and thinking. A culture of inquiry was
modeled throughout the professional development so
MITs could experience what it meant to participate in
meaningful learning together. It is important to note the
professional development focused on developing mathe-
matical content knowledge and pedagogical knowledge,
not just how to teach a particular intervention program.

MITs reported that they had never been involved with any
professional learning that was as challenging and rigorous.
As one MIT stated, “The training for this program is
intense, but all of us have learned so much about the
research behind good math education. . .” Another MIT
expressed the importance of the affirmation she felt while
also revisiting her beliefs and practices:

And when I hear some of the things I’m already doing,
it affirms me that I am doing the right thing. I need to
know if I am doing the right thing and if I am not, I
need to know what I should be doing.Without the sup-
port, I would get frustrated and teach the way I always
have. I know I can call my regional coordinator and talk
through my challenges. The collegial meetings give me
the chance to solve issues and get reassurance that what
I am doing is what I should be doing. In this way of
teaching, you have to rely on what you know and what

the student is doing. It’s not like, read the manual and
do the next lesson. It’s like, really trying to understand
what the child is thinking and what settings [instruc-
tional tasks] will move him forward.

The MITs also appreciated the opportunity to participate
in the culture of inquiry created in the professional
development and were able to connect it to their own
instructional practices. As one MIT remarked, “The leader
ran the meeting in the same manner that it was supposed
to be implemented in the classroom. It was not simply
knowledge that was passed along, it was modeled.”

Professional competencies. The professional development
activities engaged the MITs in developing knowledge of
early numeracy progression, diagnostic and formative
assessment strategies, and strategies for designing instruc-
tion based on assessment data. While many of the MITs
were selected because of their teaching expertise, every
participating MIT interviewed reported that they did not
have the necessary knowledge of early numeracy develop-
ment. The following is representative of many MITs’
responses, “I guess I knew there was a numeracy founda-
tion. I just did not know what made up that foundation—
what they specifically needed to know.” They described
developing deep insights about the components of early
numeracy development and clearly articulated their
knowledge of early numeracy as a result of their participa-
tion in the professional development.

It helped me to understand the development progres-
sion of early numeracy. It takes you from children
that can’t count by ones, those who have no number
correspondence, and it teaches you how to help them
develop a solid numeracy foundation with forward and
backward number sequences, structuring numbers with
five, ten and twenty.

A significant number of MITs also shared that they
learned the value of observing how individual students
solved mathematics problems. The following is one example
of such sentiment, “I am thinking a lot about how the kids
are getting the answer. I watch their thinking more than I
ever have before. This training helped me think about the
kids individually.” Many MITs reported that the practice of
sharing and discussing video clips of students solving
mathematical tasks demonstrated the value of analyzing
student thinking as a tool for focusing instruction on the
individual needs of students.
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Changes in practices and beliefs.MITs’ approach to
teaching mathematics changed as a result of their partici-
pation in the professional development activities. MITs
reported they were engaging students in more discussions
about how students approached and solved mathematical
tasks and they were asking students many more probing
questions about the students’ thinking. As one MIT
remarked, “‘Did you understand that?’ used to be the most
probing question I asked. But now it’s, ‘Why did you think
to do it that way, I wouldn’t have thought about that?’”
The asking of these kinds of questions provided MITs with
a deeper understanding of how their students were making
sense of the mathematics. “I have learned how important
it is to ask probing questions. The questions can both
guide the students to think deeper about the math and
they help me to understand their thinking so I can better
guide their learning.”

Many MITs reported an increase in their use of manipula-
tives designed to support the development of early
numeracy (e.g., five frames, ten frames, empty number
lines, covered counters). Many MITs expressed the impor-
tance of students constructing mathematical understanding
and how different this was from their prior understanding
of the importance of procedures and memorization in
learning mathematics. The following response represents a
common theme expressed by every participating MIT
interviewed.

It is kind of sad to think the way we were taught to
teach. No wonder my children had learning gaps. When
I was ready to teach tens and ones, I now realize that
half of them probably could not identify 12 and 20 or
they would confuse these. I remember telling parents
that their children just needed to memorize the facts.
Well, no wonder my children didn’t get it.

The changed perspective of children constructing knowl-
edge effected changes in MITs planning for instruction
and the pacing of instruction.

I have taught math for 24 years. I used to just follow the
manual. I really didn’t know if the kids had the basics
before I started teaching something new. You were so
limited, I had so much to teach in such a short time.
Now I use the assessments and that guides my instruc-
tion. This year I take as long as it takes to make sure
they get it.

Many of the MITs recognized that their earlier limited
knowledge of how children developed early numeracy
limited their instructional practices to rote memorization
and modeling. Overwhelming, MITs reported teaching
with a great emphasis on developing understanding and
less on the surface features of “doing as I show you.”

Many MITs reported that their participation in the profes-
sional development increased their self-efficacy. “I feel like
I did not know what I was doing with the math. And I
thought I was a good math teacher. Now I feel I am more
capable of working with the struggling students and I have
more confidence now.” It was a common occurrence for
MITs with 20 or more years of teaching experience express
how changes in their teaching were resulting in an
increased sense of efficacy and renewed enthusiasm for
teaching.

Discussion
The professional development associated with the KCM
initiative went beyond “adding” knowledge and skill to
transforming MITs’ knowledge, beliefs, and instructional
practices about mathematics teaching and learning with
struggling students from kindergarten through third grade.
This was achieved through the design of professional
learning that drew on the research literature on effective
professional development—a focus on mathematical
knowledge for teaching related to the MITs job responsi-
bilities that was ongoing and sustained and situated in a
culture of collaboration and support. This resulted in
increased MIT competencies, changes in instructional
beliefs and practices, and increased student achievement.

MITs acquired knowledge of the stages of numeracy, char-
acteristics of the various stages in the learning trajectory,
and the instructional strategies appropriate for advancing
student development along the learning continuum. The
training and ongoing support activities provided an
authentic lens for understanding their students’ learning
challenges and deepened their understandings of content
and pedagogy. By situating analysis and planning in
classroom practice, teachers were able to connect and
implement ideas from current research in their instruc-
tional practices. The gap between professional development
sessions provided the teachers an opportunity to reflect on
the professional literature and the authentic cases presented
in their teaching. In many ways, this gap served as a bridge
to what they learned in their training sessions to what
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their students were actually doing. This resulted in MITs
who were students of numeracy content and pedagogy
and could structure learning experiences based on assess-
ment of student thinking. The combination of deepened
knowledge of how children develop early numeracy and
an understanding of how formative assessment, discus-
sions, and manipulatives support student learning resulted
in significant changes in the MITs approach to teaching
early numeracy. They moved from reliance on the text-
book to reliance on professional knowledge and student
thinking and became “teacher engineers.”

The requirement of ongoing participation in professional
learning as a part of the MITs’ work enabled allMITs to
deepen their knowledge and understanding over a period
of three years while being supported as they implemented
changes in teaching. These supports provided MITs the
opportunity to discuss ongoing questions and challenges
they had in changing their approach to teaching early
numeracy.

MITs and facilitators of the professional development
worked collaboratively and the lines between expert and
novice were blurred. They created a culture wherein pro-
fessional relationships were valued and promoted the
principles of: 1) collegiality and collaboration; 2) everyone
engaged as active learners; 3) learning is ongoing. As a
result, MITs felt secure enough to share individual strug-
gles and reflect on their learning with collegial support.
This created a community who became ongoing learners
of student thinking and numeracy.

Implications
This study suggests implications for implementing broad
scale reform efforts designed to strengthen mathematics
teaching and learning in primary grades through interven-
tion strategies. It provides insights on how MITs can
strengthen the mathematics achievement of struggling
students through early and focused interventions and col-
laboration with the classroom teacher. It provides further
and compelling evidence that job-embedded sustained
learning, a culture of collaboration and exploration, and
focus on deepening teachers’ understanding of the specific
mathematics content and pedagogy related to one’s
teaching are critical features of professional development
designed to achieve these goals. It also provides insights
that these interventionists need strong knowledge of how
children develop early numeracy and the opportunity to
develop a strong practice as interventionists in order to
have an impact.

The study provides insights that may increase the efficacy
of other school-wide and district-wide professional devel-
opment initiatives. Careful consideration and planning are
needed to identify the conditions and culture that provide
the necessary structure and support for success. The con-
tent focus of the training sessions needs to ensure depth of
knowledge growth and flexible application of the knowl-
edge to meet the diverse needs of students. The results of
the professional learning should result in transformative
practices and beliefs and empower the teacher to be the
architect and engineer of student learning.
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Introduction

This paper describes the efforts of the authors to
work with a group of in-service and pre-service
math teachers to change their conception of
mathematics. We describe the teachers’ starting

conception and our desired re-conception. We then detail
our efforts to craft moving experiences that would shift
their thinking. We discuss why it is insufficient to “just tell
them” and conclude with a cautionary note about the
differing experiences of our teacher leaders who did or did
not craft similar experiences for their fellow teachers.

WHAT IS THE ESSENTIAL WORK OF MATHEMATICS?
Mathematicians are often asked, “What do you do exactly?
Haven’t all the math problems been worked out?” Many
people seem to think this is a very reasonable question,
because what they know is from a traditional school math-
ematics experience, organized to guide them to memorize
definitions and recall known routines to solve known
problems.

To compare this common view of mathematics with the
popular idea of what a scientist does, imagine a person in
a lab coat tackling an unsolved challenge, performing
experiments (some of which fail and explode, some of
which finally succeed), getting stuck and frustrated until
finding an alternate approach that causes a great “Eureka!”
or perhaps making an unexpected connection to other
knowledge, and then arguing with skeptical peers about
results and plans and finally convincing people with logic
and passion. This popular perception, perhaps glamorized,
is essentially accurate, and the spirit of this description fits
the work of mathematicians as well (perhaps without the
lab coats and explosions).

Re-stated, the essential work of science and mathematics
is to:

• Analyze non-routine situations;

• Explore a situation, fail productively, and persevere
through frustration;

• Find new and multiple ways to approach a problem;

• Connect knowledge and relate ideas to form new
understanding; and

• Communicate ideas and use logic to convince others
of their value.

It is unnatural to educate students mathematically without
their experiencing this essence. Yet the traditional school
math experience emphasizes mental discipline and mathe-
matical literacy, which are indeed important, but at the cost
of losing the whole substance of mathematical thinking.

Furthermore, there are practical ramifications of this
traditional approach. First, the more disconnected the rou-
tines are, the more difficult it is to remember them (NRC
2001, 2005). Second, the boredom of barren tasks drives
interested minds out of science and math. Third, such a
presentation filters strongly for students who have an
existing faith that memorizing and reciting is important to
their future success (NRC, 2001, 2004, 2005).

WORKING WITH TEACHERS LOOKING FOR CHANGE
Usually, math teachers have themselves been educated in a
system where math is taught and valued in bits and pieces.
They then perpetuate the vicious cycle when they organize
their students’ math experience in the same impoverished
way. The authors had an opportunity to try to break the
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cycle by working with teachers who were motivated to
change their teaching.

REvitalizing ALgebra (REAL) was an NSF Math Science
Partnership aimed at improving the teaching and learning
of algebra by developing teacher leaders and sparking last-
ing change in math departments at secondary schools and
universities. The teachers in the project came from three
different teaching settings: secondary mathematics teachers,
graduate students in mathematics at San Francisco State
University (SFSU), and undergraduate mathematics
majors at SFSU.

For REAL, we selected teachers who said they believed
changing their own teaching would enable their students
to be more successful despite outside influences on the
students’ lives or constraints of their schools. The second-
ary teachers were teaching algebra, the undergraduates
were paid to assist in the secondary classrooms, and the
graduate students were teaching remedial algebra courses
at SFSU.We worked with two cohorts of 27 members each
consisting of approximately nine secondary teachers, nine
graduate students, and nine undergraduates. The three
co-directors worked with each cohort in a three-hour class
each week through the first academic year and then every-
day for three weeks during the summer. During the second
year, supported by reduced teaching loads, secondary
teachers led teacher teams in their home departments and
math graduate students were paid a stipend to work with
colleagues who were teaching in the mathematics depart-
ment. (There was no follow-up for the undergraduates,
who had been paid to support the secondary teachers,
beyond encouraging those who were interested to enter
teacher preparation programs.) We refer to participants
from all three groups as ‘teachers.’

During the semester prior to beginning work with the
teachers, the three co-directors spent a half-day a week
observing their classes. Their observations were not struc-
tured but they observed the lessons and the reactions of
the students from the viewpoint of mathematicians and
experienced mathematics teachers. At the same time the
evaluator, Katherine Ramage, used a framework for obser-
vations developed jointly with the co-directors and
attached to this article as Appendix B. Although we did
not use a formally validated observation tool, the
observers for the evaluation who used this tool regularly
conducted inter-rater reliability checks, and these results
showed good reliability.

From our extensive classroom observations and initial
conversations with our participants, we found that, for the
most part, teachers saw math as a batch of rules and facts, or
at best, an ordered list of isolated definitions and procedures
to be taught by them and remembered by their students.
Textbooks and standardized tests determined the content
and sequence of the math they taught. Teachers reported
experiencing their own learning of mathematics as having
problems presented that they would then solve by searching
their memories for a statement or procedure that, when
applied, would give them the answer. They also remem-
bered respecting those who could show what they knew by
solving problems quickly, often in a matter of minutes.

Creating A New Conceptualizing of
Mathematics
Inspiring sympathetic teachers to enrich their conception
of mathematics was the challenge. The heart of our
approach was to create situations where they could:

1. Enjoy rich mathematics as students;

2. Practice identifying rich activities;

3. Practice facilitating such activities as teachers; and

4. Work towards believing their own students could
learn in this way.

We also spent time in the workshops dissecting math
problems and explicitly detailing connections among dif-
ferent parts of the algebra curriculum.

After we describe these approaches, we will reflect on why
we took the trouble to set them up. Charisma and authori-
ty are not enough to change deeply ingrained beliefs. Logic
was not enough to convince. We had learned these lessons
before, but we re-learned them during this project, and
probably will re-learn them in the next.

TEACHERS ENJOY RICH MATH AS LEARNERS
For teachers to change their ideas about the nature of
mathematics, they first needed to experience ‘doing math-
ematics’ as we envisioned the subject. During a part of
every REAL meeting, both during the academic year and
the summer program, the teachers worked in groups on
rich mathematical problems. We define a rich problem as
having the following attributes: (Hsu, 2007)

• The “mysterious” part of the problem is mathematical.

• The problem has very little overt scaffolding.

• There are several ways to do the problem.
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• Students of different skill levels can learn from this
activity.

• The problem has natural extensions.

To solve these problems, teachers had to explore. They
could not immediately see a procedure or a theorem to
apply. There were usually several ways to begin exploring.
In every problem some ways of exploration were accessible
to the teachers with the least formal mathematical train-
ing, and those teachers often had insights that were of use
to the most sophisticated members of the group. We ran-
domly assigned the teachers to problem solving groups, so
for the most part, there would be a mix of levels of mathe-
matical sophistication in each group.

As a result of these tasks:

a. Teachers experimented and failed productively.
By working on these problems, the teachers saw that solv-
ing a mathematical problem involved “getting their hands
dirty” through exploration and not sitting back to wait for
a bright idea to come to mind. They began to see trial and
error and learning from mistakes as legitimate and neces-
sary mathematical problem solving tools that could be
used as tools for learning.

For example, looking at a problem such as “Which num-
bers can be written as the difference of squares?” teachers
would start looking at differences of squares such as
42 –32 = 16 – 9 =7. After looking at some more examples,
they might conjecture that all differences in squares are
odd numbers. That they could not write 2 as a difference
of squares was a verification, but then someone tried
42 – 22 = 16 – 4 = 12, and they would see that their initial
conjecture was wrong and needed modification. The
teachers learned that being wrong was not detrimental; it
helped them think toward a solution. In mathematics,
genuine problem solving will proceed in a fitful manner. It
will not normally proceed smoothly. Teachers needed to
realize that when they protect their students from being
wrong or thinking incorrect thoughts, they are keeping
their students from solving problems on their own.

b. Teachers saw that people weren’t just “better” or
“worse” at mathematics.
On the occasions when our random process turned up
homogeneous groups, the least sophisticated groups some-
times took the problem farther than those who had taken
more direct mathematical approaches. Teachers learned

that they could not assume in general that one person is
‘better’ than another mathematically as they saw different
colleagues excel on different tasks and they began to see
mathematical talent and learning as a mix of attributes.

Teachers commented on getting better at things where
they were initially weak, such as visualizing. They learned
by doing and by working with others who had different
strengths and commented in discussion and in their
daily written comments on using strategies they had not
used before.

We wanted these experiences to keep them from pigeon-
holing their students as starkly as they had done initially
when they talked about “strong and weak” students or
“low students” and about their classes as “low level” or
“slow algebra.”

c. They worked together and learned from each other.
The problems were chosen so there were a number of
non-routine insights needed. This was meant to make
them explore as in (a), and to break down status differences
and stereotypes as in (b), but also so that they would need
each other’s help! We wanted them to see the value of
having students work together, and we wanted them to
believe that their students could learn in this way, and that
it would not be ‘weak’ students learning from ‘strong’
students with the ‘strong’ students being burdened by
teaching and not learning anything new.

In particular, a non-routine problem makes people argue
about the mathematics and about problem-solving
strategies. An essential piece of the work was putting our
teachers in situations where they had to communicate
using mathematics. Many of our teachers were not used to
communicating about math to investigate, to question, or
to convince. They were used to being the classic sage on
the stage transmitting well-honed signals to their students.

d. Teachers enjoyed doing mathematics.
Almost all teachers agreed that their favorite part of the
REAL class was working on the problems. Many admitted
they had not really enjoyed doing mathematics in the past.
In the past, they may have been good at getting the answers
and found joy in recognition that comes with success or in
the approval their teachers, but in their anonymous evalu-
ations they claimed the joy of actually solving a problem and
knowing that they’d done it was greater. This piece should
not be undervalued. It is amazing how many students
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come into a math major loving to do mathematics and
leave it, perhaps with respect for their hard work at
mastering difficulties, but without actually having that
same sheer enjoyment of the mathematical work. Others,
who were successful in high school, never reach the point
of enjoying mathematics in college.

TEACHERS DEVELOP TASTE IN SELECTING
PROBLEMS
Immersing teachers in rich problems helped them develop
skills for solving them and a taste for working on them.
However, many teachers did not have the ability to recognize
a rich problem when they saw one. We had experienced
this lack of recognition in previous teacher education
projects so we were prepared to work on this issue. The
interesting thing is that the language is slippery enough
that teachers would agree that the five aspects of a rich
activity were desirable, but these teachers would then have
trouble using that language to identify productive prob-
lems. Part of this uncertainty comes from little experience
working on rich problems, and part of it comes from a
lack of experience in facilitating student work on rich
mathematics. There is an art to seeing the possibilities in a
problem and to seeing how possible solution paths can
lead to interesting mathematical discussions. In general
“taste” is hard to describe but becomes shared through
repeated experiences. It became a term we used internally
to describe teachers’ evaluation of problems in terms of
their richness.

We weren’t sure how to cultivate this taste, so we took the
simple approach of finding a number of tasks that we our-
selves thought were rich and ones that were not so rich
and then gave the mixed list to groups of teachers to sort.
We followed the sorting with a whole group discussion of
each problem.

In one activity, we asked teachers to work with a partner to
search for two problems on the web – one that was rich
and “group worthy” and one was apparently rich but not
really. We asked them not to label them and write each on
an index card. We then selected six from those submitted
and wrote them on the sheet shown in Figure 1.

Teachers worked in groups of four to sort the problems
into rich and not rich. Then we had a whole class discus-
sion about which problems were rich and how ones that
were not might be made richer or used for another worthy
purpose (Hsu, 2007).

We also engaged in some important complementary activities
where we asked participants to try to enrich problems by
removing some of the overt structure or specific directions
for tasks. (This is described in detail in Hsu et al., 2009.)

As a result of these tasks:

a. Teachers practiced analyzing a problem in detail and
its value for inspiring mathematical thinking.
That is, a problem isn’t about a subchapter in a textbook
where it appears, or about the kind of problem it is and
the recipe that solves it. A problem is a task that inspires
student thinking and enables them to develop mathemati-
cal solution methods in a teacher facilitated group work
setting. The teachers began discussing what mathematics
could be brought out in approaches to a problem and
what kinds of connections could be made by sharing
multiple solutions. From this point of view, many of the
mathematical tasks we give in classrooms are impoverished,
often meant to inspire a single mathematical approach.
Sometimes these kinds of problems are necessary, but it is
important for us to know what we are sacrificing.

There are no set rules for when to direct students and
when to let them explore. A certain amount of material
needs to be covered, thus a certain amount of direction is
needed. At the same time, a certain amount of richness
needs to be present to make for an engaging class.
Students need time to explore on their own, but teachers
are constantly faced with demands to focus on what
appears to be the content of the tests. How much of each
kind of instruction to include is a judgment call and
making that call is part of the art of teaching. It all
depends on the teacher, the curriculum, and the students.

b. Teachers began adapting their tastes while productively
saving face.
Some teachers would initially be satisfied with the level of
richness of a rather limited problem. But through our
pushing of the discussion and through listening to their
peers, people began to raise their expectations for what
was a rich problem. They were usually able to save face by
noting that the problem would be rich for students who
were sufficiently inexperienced. Indeed, this observation
can be made of most tasks—even mundane mathematical
recipes are intriguing to those who have never been taught
the recipe. We thought this face saving was in itself a
worthwhile lesson.
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FIGURE 1

How Rich Are These Six Problems?

1. Within Eldoria, a little country far away, you can place a call with one of two companies.

• EZ phone charges $24/month for the first 3 hours and then 8¢/minute.
• U-Call phone charges $30/month for the first 2 hours and then 5¢/minute.

a. After how many minutes of local calls will the two plans cost the same?

b. Make a graph of each cell plan on the same set of axes. Make sure to label your axes.

2. There are many rules that fit the information in the In | Out table below:

a. Your task is to find at least 10 different rules that work. You can use multiplication, division, addition, subtraction
and exponents and you can use more than one operation in a single rule.

b. The table below has a bit more information than the one above, but that only makes things more interesting. Find
as many rules as you can that fit both rows of this table.

3. a. On the same set of axes, plot the graphs of 1/2 x2, x2, 2x2.

b. On a second set of axes, plot the graphs of –2/3 x2, –2x2 and –x2.

c. Write a paragraph explaining the ‘a’ in ax2 affects the graph of x2.

4. Two of the most commonly misused laws are called “the product of powers” and “the power of a power.”
Aka: xa � xb = xa + b and (xa)b = xab, respectively.

Task: Prepare an explanation of these laws, as if teaching someone who is learning this for the first time.

5. Take any three consecutive integers. Square the middle number and multiply the first and the third numbers. Compare
your answers. Use algebra to find out why this will always happen.

6.

Each figure is constructed of cubes ( 1 cm x 1 cm x 1 cm ).

a. Find the surface area of figures 1, 2 and 3.

b. Find the surface area of the 50th figure.

In Out

5 16

In Out

1 2

2 5

Figure 1 Figure 2 Figure 3



Though we do not have an objective measure of “taste,” we
do believe that most of our teachers improved their taste
over time. Comparing their proposed rich tasks from early
in the workshop to later ones, it did seem that the richness
of the tasks increased, although we were impatient with
the rate of change.

TEACHERS LED PROBLEM SOLVING IN SMALL
GROUPS OF GOOD WILL
The tasks described so far were intended to give teachers
the opportunity to enjoy active learning and develop the
taste to select rich activities. But there was still a gap
between these experiences and their confidence that they
could create and sustain such learning situations in their
own classrooms. It is a subtle and difficult task to support
teachers in facilitating group work among their students
and we probably did not budget enough time for this in
the workshops.

In REAL, our strategy was to first deal with the difficulties
inherent in facilitating group work even in an ideal situa-
tion of student goodwill and then introduce other tasks to
handle teacher difficulties in non-ideal situations.

We wanted to create a situation where people could con-
centrate on facilitating group learning away from the stress
of difficult students, unrealistic academic calendars, and
unhelpful curriculum materials. The problems were chosen
so as not to require any mathematics beyond algebra, partly
to emphasize the richness of the mathematics in algebra,
and partly to avoid giving advantages to those teachers
who were concurrently studying advanced mathematics.

First we facilitated their work in groups to solve selected
problems so they would experience the problem they
would be teaching as a student. Then they worked together
to prepare to teach the problem to a subset of the class.
Nine teachers co-taught in trios. Each trio taught two of
the other problem groups, so they had a class of six stu-
dents, which typically would be run as either three pairs or
two trios of students. Learners gave anonymous feedback
on index cards to the teachers, and afterwards, the problem
teams reconvened to compare notes on their experiences
either as teachers or learners. There were no directions
given to the learners regarding their comments; only that
they should make comments they thought would be useful
to the teachers.

In the first session we allowed freedom in choice, which
resulted in a wide range of teaching approaches, some
more engaging than others. In two subsequent sessions, we
gave more explicit guidance to focus on certain aspects of
teaching, such as asking good questions, handling unequal
participation within a group, or how to move groups to key
checkpoints in the activity without ruining their creative
thinking. We began the guidance through a discussion with
all the teachers, getting them to specify problem areas for
their practice teaching. Then we asked them to prepare in
their working trios strategies for addressing these problem
areas. One of the co-directors met with each trio to discuss
their strategies. Finally, after the teaching episode, the trio
reflected on the success of their plans.

As a result:

a. Teachers found it was really fun to facilitate a rich
problem with interested students.
It’s a great feeling to manage an experience for people who
get excited and engaged. This is a feeling that our teachers
did not typically get in their classrooms. Even if the situa-
tion we set up was artificial, it was a real reminder of the
potential joy that comes from helping interested learners.

b. Many teachers were surprised to see people could struggle
and solve problems.
Because we did not initially force the facilitators to let
people struggle, teachers used a wide range of approaches,
from letting people struggle with encouragement and well-
placed questions and hints to telling people which path to
take and then explaining the answer at the end. Initially
leaving the choice of facilitation methods to the teachers
provided the basis for insightful discussion when their
‘students’ shared their reactions.

Teachers saw that intervening lightly by giving learners
more time to struggle, offering fewer directive hints, and
asking them to describe or explain their thinking often
gave people a chance to persevere and to come up with
marvelous insights on their own without being told.

c. Many teachers were surprised when their helpful
interventions and explanations were not welcomed.
Some teachers were surprised to see people struggle on
problems that they, as the facilitators, perceived as simple,
but most remembered how they themselves had not
immediately found productive paths on their first
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encounter with the problem. In fact, a substantial propor-
tion expected people not to be able to solve the problems
without their hints to push them along to the teacher’s
solution.

Heavy-handed intervention and explication by facilitators
was often met with resentment for “stealing the thunder.”
Facilitators were sometimes surprised when their ‘students’
liked their own solutions and representations better.
Needless to say, it was unusual for teachers to get such
honest and constructive feedback in their normal practice.

d. Co-teaching made visible the many choices and mathe-
matical observations a teacher makes.
Each co-teaching trio found themselves discussing where
the class was and how to choose the next move at each
step. Occasionally one of the trio would act as a silent
observer, but in general, the trios naturally discussed key
teaching moves, such as whether groups were working
quickly enough, which groups needed help with math or
with internal status differences, which groups ought to
present and in which order. Even though we did not
require them to consult with each other, it naturally
occurred in all cases.

TEACHERS STROVE TO BELIEVE IN THEIR STUDENTS
In the previous tasks, teachers grappled with the subtleties
of handling group work and rich problems with very
cooperative students. But for teachers to incorporate this
new sense of mathematics in their own classrooms, they
needed to become convinced that their own students were
capable of doing mathematics in this way, and that their
students could learn important content in this way.

Many said their advanced students would work on prob-
lems in ways similar to those of their colleagues but they
were not convinced that the students who had trouble
with algebra were capable or would be willing to work in
this way.

To convince teachers that all of their students could benefit
from working on rich problems, we gave them assign-
ments that involved teaching their own classes in new ways
and then reflecting on what happened. See Figure 2 for
two consecutive assignments. In our observations of the
secondary math teachers, we saw very little change during
that first year. Based on our records of classroom observa-
tions, it was not until the following year that change was
observable. It is unclear whether teachers needed time to
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FIGURE 2

HW 17 (2/8/05)

1. (ALL) Please discuss one class comment from the
Flag Hoist discussion that you agreed with and one
you disagreed with.

2. (Teachers & Grads) Think about an algebra problem
that could provoke an interesting class conversation
with your students, as in the ‘Flag Hoist’ video.
Plan to give your class the problem during class or
for homework and have a ‘good’ class discussion
about the problem before Feb 22 (in two weeks).
At the end of the discussion, give your students an
anonymous quiz on the content of the discussion.
Bring them to class on Feb 22. (It should be a VERY
short, one question quiz.)

3. (ALL) Reading. Read (or reread) the “Messy Monk”
article. Imagine yourself in the author’s role. What
do you think would be the most difficult point in the
lesson for you?

Copes, L. (2000). Messy Monk Mathematics: An NCTM
Standards-Inspired Class. Mathematics Teacher, 93(4),
292--298.

HW 18, Due 2-22-05.

1. Remember that at the end of the rich discussion
you gave your students an anonymous quiz on
the content of the discussion. Bring the quizzes to
class on Feb 22. (It should be a VERY short, one
question quiz.)

2. Read The Nature of Classroom Teaching, Ch. 2.
On pages 2 and 3 from the article the author gives
an example of a situation that is mathematically
problematical for students and one that is not
mathematically problematic. Come up with one
example of each from algebra.

3. Read Engaging Schools, Chapter 1.

4. Respond to the following questions in relation to
the Engaging Schools reading.

• How can you tell whether a student is engaged
in your class?

• What strategy did a teacher use in a class you
took that got you engaged?



integrate the new approaches or if they needed to start
fresh with new students to make such big adjustments.
These secondary math teachers also faced directives and
mandates from their districts around curriculum materials,
especially for students failing algebra, which may have
contributed to their pace of change. The graduate instruc-
tors did incorporate changes in their initial year, but their
classes were only one semester long, so they started with
new students in the middle of the year. The graduate
students were also relatively new to teaching algebra so
may have found it easier to try something different.

In addition to asking the teachers to try new lessons, we
showed them tapes of some lessons, which are described in
Appendix C. Some of the classrooms in the tapes were
approaching mathematics in the new way and others were
of more traditional classrooms. The teachers were not
given specific aspects to watch for, even though we always
had a list of topics to discuss. The facilitator would ask for
comments on positive aspects of the instruction and then
open the discussion for general comments. At first teachers
were reluctant to criticize other teachers, but later in the
program, some became overly critical. In either case,
starting with positive comments served to balance and
enhance the discussions. The differences in the degree of
engagement of the students in the tapes where instruction
was student-centered compared to those that were teacher-
centered were remarkable, and some of the student-
centered tapes were of classrooms with students from
lower socio-economic levels. It was, however, very difficult
to find good examples of student-centered classrooms in
urban schools. This lack of evidence made it difficult to
convince some teachers that their students would be
capable of learning in such a classroom.

We assigned readings about lack of success in mathematics
learning for African-American and Latino students. See
Appendix A for the list of readings we used. These articles
were discussed during the REAL class, and during the
follow-up year, the graduate students and many of the
secondary teachers, who had participated in the first year,
chose to read and discuss these and other articles in their
meetings with their department colleagues. But some still
remained unconvinced that their students would have
the ability to learn mathematics in a student-centered
environment.

Our first task in attempting to convince teachers that the
important content could be learned through problem-
based lessons was to give them the vision of what such
curriculum would look like. The mathematics problems
the teachers worked on in the REAL class, were usually not
designed to teach particular content since we wanted the
teachers to work together as equals on the problems;
although, their backgrounds with respect to mathematics
content varied widely from very few college math courses
to graduate students working toward a masters degree in
mathematics. Together we examined problem-based lessons
from reform curricula, which approached algebra in a
student-centered way.

The teachers needed to realize that all the mathematics
they had been teaching as separate procedures could be
looked on in a different way. The lessons from the reform
programs provided an opportunity to see their curriculum
organized around big ideas. In Hsu et al. (2007) we reported
on our experience working with teachers to identify and
build activities around big ideas. However, pressure for
students to do well on state tests was a major impediment
to using a problem-based approach. Through readings and
discussions, we succeeded in convincing teachers that tests
composed of many problems that required rapid applica-
tion of procedures did not assess whether students could
reason and solve problems nor their understanding of
concepts. However, most believed that their mathematics
programs would be in jeopardy if their students did not
perform well on those tests. We needed to convince them
that their students could do as well or nearly as well if
they did not teach to the test. This turned out to be an
extremely difficult task, and most decided to compromise
and teach in a student-centered way part of the time, but
to teach to the test some of the time also. Unfortunately,
there is some evidence that mixing these approaches may
not work (Pesek, 2000).

Once teachers had a vision and believed they should
change their teaching, they were still not confident that
they could conduct class in this manner. They feared
behavior problems, that in groups only the ‘fast’ students
would do any work, that many groups would give up, and
that they, as facilitators, would not be able to get them
restarted. There is much to learn about group facilitation
and good facilitation is vital to running a student-centered
classroom. Through our work in REAL we realize that this
third concern requires continuing, follow-up support, far
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more than our project was able to offer. We discuss some
of the issues of helping teachers to acquire these skills in
an article on differentiating instruction (Hsu et al., 2007).

Why Bother With These Moving Experiences?
Some of the participants were frustrated by our refusal to
“just tell them clearly what we wanted them to do in their
classrooms.” In fact, much of this frustration was demon-
strated by teachers who eventually came to strongly
respect our judgment through some mix of their beliefs,
our authority, and their experiences. The transformation
seemed to occur over the summer when they were away
from us and had more time to think. They had fought the
new ideas we were supporting during our classes, but in
the fall, they began to practice them with fervor in their
own classrooms. When we visited their schools to observe,
they had rearranged their classes to accommodate groups,
they were assigning fewer but meatier problems for class
and for homework, and they were structuring their teach-
ing around big ideas as opposed to isolated procedures.

Some of the frustrated participants came to believe we
used our methods out of our own ideological commit-
ment to constructivism, and that we wanted them to
invent the answers themselves. But this was only a small
piece of the puzzle. If we could just tell them what to do
and have them go forth to be great teachers, we would. But
we believe they really needed the moving experiences and
new images of how students learn to understand to the
level of turning words into practice.

WHY NOT JUST TELL THEM WITH CHARISMA AND
AUTHORITY?
Perhaps the first idea that comes to mind is that if we
could explain our conception clearly, repeatedly, and with
charisma and authority, the participants would be able to
internalize it. Indeed, we did occasionally share our opin-
ions and educational values in the course of our project,
especially when a co-leader was in the audience as a fellow
teacher. It would have been a very short project if this were
sufficient. But cognitive science and research on how peo-
ple learn (NRC, 1999) make it very clear that relying on
charisma and authority alone has serious limitations.

Everyone has been inspired by hearing a speaker. But most
people have also had a follow-up experience of not
remembering the details and logic, or even worse, losing
interest upon reflecting soberly, and perhaps feeling fooled.
This is like the math students following a wonderful

speaker and nodding along and then afterwards realizing
they didn’t really understand. Similarly, for instance, we
had a healthy, enjoyable discussion in the first weeks of
our workshop where most people agreed that it was
important for us to have student activities that engaged
the students and had them think about the concepts
underlying rules and definitions. Then we sent them away
to put together a sample conceptual lesson. When we saw
the results, we were sobered. Only two of the twenty-seven
activities they produced met our criteria for a conceptual
activity, and one of those was by an undergraduate who
wasn’t yet teaching her own class! This experience was to
be expected, because these ideas are subtle and hard, but
even though we expected that it would take time the
results were an unpleasant surprise.

Even if we delivered our message with such charisma that
everyone would be inspired in a lasting way, we could not
guarantee that they would do the same as lead teachers.
In our project, we wanted change to spread from the lead
teachers we worked with directly to their department
colleagues in secondary school and the university through
the meetings in the second year. Even if they accepted our
authority, as many of them did, none of them held the
same authority with their peers.

WHY NOT JUST LOGICALLY CONVINCE THEM?
A second idea might be to not rely on authority and
charisma, but to simply state the change we wanted to see
and make a strong logical argument. Then we could allow
teachers to debate the issues and the logic would convince.

1. These words are easy to misunderstand.
Some words are not easy to misunderstand, like “abelian”
or “polynomial,” because they can be defined rigorously.
However, in educational work we can only use approxi-
mate words with as many different meanings as there are
people. For instance, take merely one brief phrase used in
the opening, “analyze non-routine situations.”What does
it mean to analyze? Some teachers thought it was enough
to provide a numerical answer with some related compu-
tations. Some wanted an argument, but only a rigorous
one. Some welcomed partial answers and creative
approaches even if they were not well articulated.

Then, what is a “non-routine” situation? In the course of
our work, we found some teachers would count a standard
problem type whose numerical values were hard fractions
as non-routine. Others took a routine problem and
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appended a fun non-mathematical task, such as using the
solution to uncover a secret phrase or answer a riddle.
Others posed a question that did not have a known recipe
for solving it. Even the word “situation” is trouble. Are
“situations” always realistic world settings? Can they be
fanciful? Can they be abstract situations?

If we could precisely define what we mean by “analyze
non-routine situations,” we would have done so. But there
was no way to do this in words. The best we could do was
to provide shared experiences and to ask the participants
to discuss them.While this practice led to some frustration
among the participants, there does not appear to be a
simple way of getting the notions across.

Multiply this ambiguity across the whole range of vocabu-
lary, and it is almost impossible to have genuine discussions
about these issues without actually experiencing the
exploration, analysis, and communication together. These
common experiences are necessary to create meaningful
common vocabulary.

2. These words are loaded.
Some words sound so good that everyone aspires to those
labels. Everyone wants to believe that their students are
“engaged” and understand things “conceptually” and that
they are teaching “the big ideas” of the course. But we
believed many of our teachers had never experienced the
depth of engagement, conceptual thinking, and course
conceptualizing that we pushed for, so simply agreeing to
value those would be pointless.

Also, in the wake of the math wars, many terms were
loaded, and people who considered themselves on one side
or the other of reform or tradition had prejudices towards
“group work” or “basic skills” and other hot-button phrases.
These prejudices interfered with real conversation about
what effective group work or practice looks like. More
subtly, there was a small but important core of teachers
who insisted they were above the whole reform-traditional
debates and took the best of everything in moderation.
These teachers seemed the least willing to change their
practice, as if any suggestions to them would perturb their
equilibrium, and later they turned out to be the most
upset that we were not directly prescribing a position.
They suggested that our putting them in rich learning
situations was a way of tricking them into agreeing with
reform beliefs.

3. We can’t give them recipes for the whole wide range of
future challenges.
Mathematics is more than a collection of problem recipes.
Teaching mathematics is more than a collection of teaching
recipes. A number of our teachers admitted that they had
hoped we would set out for them which excellent teaching
to do and which great problems to use and then pinpoint
when to use them.

A Test: Teacher Leaders Try To Move
Department Colleagues
We conclude with a striking example of the importance of
colleagues working together on rich mathematics prob-
lems, namely the experiences of project secondary teachers
working with their departments. Our secondary teachers
spent the second year of their project participation as lead
teachers for teams of their math teacher colleagues (whom
we will refer to as “department teachers”). The secondary
school teachers, both the teacher-leaders and their depart-
ment colleagues, were given a released period for a full
year to participate and the graduate instructors were paid
stipends for their time. All the groups met multiple times
each week.

We had decided to let the lead teachers determine the
form and the pacing of the teacher meetings. We visited
their team meetings on a weekly basis along with many of
their classes, and we gave feedback as to what we saw
happening. We made suggestions about activities they
could do as a department. We continually reminded our
lead teachers of the ultimate goals of having authentic
conversations about improving practice, getting department-
wide commitment to looking honestly at their teaching,
and making this part of their department culture. But
while we pushed the big ideas and concepts of the profes-
sional development, we left the details up to them out of
respect for local autonomy.

Response was different at different sites. The eight school
teams exhibited different levels of engagement. The first
level, which every teacher team reached, was to work on
curriculum materials together and to collaborate to insert
some isolated special rich activities. Only four secondary
math department teams reached a next level, where the
department’s culture changed so that the teachers became
part of a community that worked together on mathematics,
on teaching and learning, and on sensitive issues of race,
ethnicity, and expectations. In addition to working on cur-
riculum materials they spent their meeting time reflecting
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on and discussing tough issues, and made decisions with
effects that were apparent in their day-to-day work in the
classroom. These four departments were the ones that
started their meetings together with work on rich mathe-
matics problems and then worked through a sequence of
activities similar to the ones they had experienced. One
other team had already developed a department culture
that supported their work on improving methods of
instruction but they did not really progress beyond where
they had started.

In retrospect, we believe the lack of stronger guidance
during the second year was a mistake. Most of the lead
teachers did not have the intellectual leadership skills or
enough pre-existing status in their departments to facilitate
activities that involved risk taking (Hsu, 2009). The schools
that did have strong lead teachers used a number of the
approaches, which we have described, and they did move
their department cultures to change during the project.
The other lead teachers did not push their teacher teams
through the initially uncomfortable engagement in solving
mathematics problems together that appears to have been
a necessary step toward change. Because as project leaders,
we potentially did have the authority and capital to push
the teams to that uncomfortable place, we are left with a
big question. Would mandating the use of the approaches
described in this paper and working with department
leaders to co-facilitate the school-site meetings have caused
deeper and more lasting change? Maybe all the teachers
needed to participate directly in the whole REAL program.

Conclusion
Most of the teachers in the REAL project expanded their
views of mathematics and of what mathematics is impor-
tant for their students to learn. Those teacher leaders, who
took the next step, used what they had learned to facilitate
problem solving with their colleagues and lead them into
both deeper mathematical discussions of curricular issues
and discussions of more sensitive issues of teaching and
learning expectations.

It is worth noting that only those departments that started
by solving problems together moved on to the other
activities: identifying rich activities and working towards
believing their own students could learn in this way. And
only those teachers made lasting progress toward changing
the culture of their departments to include ongoing dis-
cussion of mathematics and of improving their teaching in
order to support success for students of all racial and ethnic
groups. We conclude, as we did in an earlier article on
mentoring, that working together on mathematics prob-
lems allowed teachers to relax their defenses and start to
build the trust needed to participate in frank discussion of
more sensitive issues (Hsu, 2009).
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APPENDIX B

REAL CLASSROOM OBSERVATION FRAMEWORK (2005-06)

Creating a classroom culture which/where

• Requires students to respect each other and the class. This might manifest in students being forced to explain
and listen to each other.

• Empowers students to speak about personal topics and math. (Look for evidence that it is valuable use of class
time to have students speak about personal topics.)

• Students are working on improving cooperation in groups, e.g. silent activity of having to find out the rules
without talking.

• Teachers are thinking about groups. Students are used to working in groups and the room is set up for groups.

• Teachers are extending wait time for students to think and then talk.

• Teachers are displaying compassion for students, valuing personal connection as part of classroom atmosphere,
e.g., longer wait time, interest in the wrong way to do a problem, making personal contact with student after the
student didn’t answer.

• Teachers are recognizing incorrect solutions and spending time examining students’ thinking.

• Teachers are interested in why students are misbehaving rather than assuming they are bad. Look for evidence
that teachers are thinking about what math will make them behave better.

• Teachers are getting around to all students. Classes are not dominated by a small group of students. (Look for
evidence of inclusion)

We want to see evidence of teachers

• Giving consideration to quality of activity over coverage, e.g., taking more time for activities that need it, going
outside for activities such as “To the Moon.”

• Focusing on the big idea and creating a context.

• Focusing less on procedures.

• Moving away from primary focus on correct answers

• Including ELLs, not making it easier for students to read but making them have to cope with the language.
Having students read aloud is good as is working in groups. Not depriving ELLs of good math.

• Teacher’s thinking moving towards honors and remedial classes looking the same, with both taught conceptually.

When using reform curriculummaterials, we do want to see teachers

• Pushing students to explain

• Offering good alternate explanations.

• Improving the quality of math problems making them more challenging.

(cont. on next page)
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We don’t want to see teachers

• Discouraging students to use concrete supports like manipulatives.

• Skipping the challenging problems and problem solving strategies.

• Making students do all problems.

• Going directly to teaching FOIL rather than letting students discover.

When using traditional texts, we want to see teachers

• Doing something different such as putting the math into a context

• Letting students discover and evolve their own understandings, e.g., laws of polynomials, figuring out propor-
tions on their own rather than the teacher giving cross multiplication.

• Improving the quality of math problems, making them more challenging.

With regard to teacher knowledge, we want to see teachers

• Having a rich understanding of math evidenced in group work supported by rich discussions.

• Thinking about the question “Why are we doing this?” and lingering more on problems and big ideas like slope.

• Realizing that a really “bad day when students struggle and don’t reach conclusions" is a good day. They have to
come back to it and resolve it later. (Eric thinks that he came up with a bad problem if the students get it right
away.)

With regard to assessment, we want to see

• Richer, more embedded assessment.

• Teachers not as frightened of or driven by standardized tests.

• Teachers asking students to solve problems in more than one way and reducing the number of problems.

• More authentic questions and fewer procedural ones.

• Multiple measures, anything that differs from tests and quizzes.

• The ultimate— stopped using class time for test prep.

We don’t want to see

• A small number of high stakes assessments.

• All individual quizzes and test.
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APPENDIX C

SOME VIDEO MEDIA USED IN REAL

TIMSS 1995: US and Japan. These were once available on videotape, but now can be downloaded at
http://timssvideo.com/97 and http://timssvideo.com/67. Used to contrast questioning of US classroom
(short wait time, fill-in-the-blank, quick arithmetic) with the Japanese classroom (problem solving, sense-making,
student presentations, computer graphics).

Flag Hoist and Plugged Funnel fromMiriam Sherin’s VAST Project. Excellent example of two tasks which
provoke rich classroom discussions around productive, authentic mathematical disagreement. The tasks also
support kinesthetic thinking.

Where is the 10? from Jo Boaler. An example of a rich problem with many ways into it. The video shows some
intense group work where the group dynamic and teacher facilitation keeps everyone persevering through a
difficult task.

Candle Questions from Driscoll’s Fostering Algebraic Thinking. Show parts 1 and 3 to give two contrasting
examples of problematic questioning strategies (highly non-directive versus not pushing for explanation) along
with challenges of unequal status in groups.

Getting Around to Groups:
- TIMSS 1999, US http://timssvideo.com/58 and
- Sandie Gilliam GroupWork Highlights
http://gallery.carnegiefoundation.org/collections/quest/collections/sites/gilliam_sandie/archive.htm (Constraints
videos and Reflections)
Pair these two videos as an introduction to group work. The TIMSS 99 video shows a teacher inefficiently trying to
use direct instruction for each separate group. Sandie has a far more restrained approach. Her class is an IMP 3
class, so they’ve had three years to socialize into passable group work. She walks around and monitors and inter-
venes only to push groups along. A highlight is the video “Whole group discussion, Eliminating constraints 2”
which has the fascinating piece where students keep working on the problem together over break, including one
boy hitting another for not letting a girl participate.

TIMSS 1999 Exponents
http://timssvideo.com/69
An interesting class where a teacher gives students exponent laws and asks them to prove the 0 case and negative
numbers case. Students aren’t given enough time to work through the laws themselves, so they all are convinced
that 20 is 0.

HowMany Seats? Lesson Study by Catherine Lewis. http://www.lessonresearch.net/howmanyseats.html
A wonderful lesson study cycle with lots of honest reflection by the teachers. The teachers shift to observing stu-
dent thinking as opposed to teacher moves and grapple with the pitfalls of using tables to represent functions.

My Brown Eyes, by Jay Koh. http://www.master-comm.com/mbevideo.htm.
Film about a resourceful, independent Korean child having a horrible introduction to an American school that is
not prepared for cultural difference. An entryway into discussing cultural assumptions.



There is a pressing need for effective partnerships
between government, business, communities,
schools, universities, and other stakeholders in
education. This need is magnified by the current

involvement of foundations, business, and government in
educational endeavors such as the Common Core State
Standards for Mathematics and research grants funded
through the National Science Foundation. These endeavors
often require focused collaborative interactions between
all stakeholders that ultimately support a learning system
and students’ achievement. The purpose of this article is
twofold: (a) to report key findings that emerged from our
research partnerships, and (b) to offer an instrument that
assesses the readiness and measures the effectiveness of
educational research partnerships between schools and
universities.

Background
As mathematics educators, researchers, and mathematicians,
we have engaged in university and school- or district-based
projects for over eight years. The central goals of our
collaborative work have been to improve mathematics
achievement for students and develop cultures for contin-
ued learning through two projects funded by the National
Science Foundation (NSF): the Scaling Up Mathematics
Achievement project (Kinzer, 2007a) and the Gadsden
Mathematics Initiative (Kinzer, 2007b). These NSF projects
have required complex district and university organizations
to work together effectively in order to attain project goals.
This article builds from a prior publication of the initial
partnership work (Kinzer, C. Wiburg, K. Virag, L. 2010).
Based on our learning from these projects, the Innovation

Configuration (IC) map was developed (see pgs. 59-62).
It provides a tool for assessing the key elements necessary
for initiating and maintaining successful research partner-
ships. The IC map provides a softer approach than using a
checklist or evaluative instrument and provides a range of
descriptors that are helpful in developing a robust research
partnership.

The Need
Partnerships between universities and schools and districts
are usually very complex and vulnerable. Building profes-
sional relationships requires thoughtful collaboration focused
on explicit, shared project goals. These associations are
influenced greatly by the personalities of the key stake-
holders, their abilities to develop a mutual working culture
within a changing political landscape, and the establishment
of structures and processes for implementing and monitoring
project goals over time (Darling-Hammond, 2010; Elmore,
2005; Fullan, 2001, 2005; Kinzer & Bradley, 2010). A rubric
or IC map (Hall & Hord, 2001) helps partners see what is
needed for professional working relationships based on
project goals. The IC map also serves as a formative
assessment tool for monitoring the development of the
partnership over time and can serve to support thoughtful
examinations of what it means to establish and maintain
healthy, productive research partnerships.

Domains
The map is organized into four key domains: (a) Culture,
(b) Structures, (c) Processes and Practices, and (d) Research.
Each domain is divided into levels with key characteristics
for each level.
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A. CULTURE
It is important for partners to design a collaborative
culture in which to develop and share knowledge and meet
measurable goals over time to accomplish the intended
work (Barth, 2002; Fullan, 2001). Building a collaborative
culture to support the project requires considerable commit-
ment and the ability to consider one’s individual interest
and the collective needs of the project. In particular, this
means becoming familiar with the working culture of each
partner, especially in terms of their beliefs about learning,
teaching, change, use of resources, and how internal
systems and policies impact (and sometimes impede)
upon the shared work. Developing an understanding of
each organization provides a basis for codeveloping cul-
tural values, goals, and principles and/or a theory of action
in the shared project space.

Assumptions can become barriers, and therefore, prelimi-
nary discussions are essential to determine the viability of
a research partnership. Norms, beliefs, and strategies for
collaboration should be explicitly discussed “up front”
before investing in a shared project. This is because part-
nerships are greatly affected by how key stakeholders
leverage their beliefs about how project goals are imple-
mented and monitored, how problems are solved, and how
the “reculturing” that occurs in working together takes
place (Fullan, 2002). Preliminary conversations are likely
to reveal previously unstated assumptions so they can then
be discussed and addressed.

Agreements about the work requirements and the imple-
mentation process are critical for success for partnerships.
For example, one NSF research grant was written with
different district administrators, and when the project was
funded there was new leadership in the school district.
This required intensive work with the new administration
to develop an understanding of the project design, com-
mitments, costs, affordances, and research plans. A central
administrator played an integral role in bridging the
leadership changes to ensure a continued commitment to
the project partnership and agreed upon scope of work.

As the partnership develops, ways of working and interact-
ing should be co-constructed and clearly defined, with
norms for the intended collaboration clearly established.
This norming process often requires a shift in perspective,
with a focus on creating partnerships that function as
learning systems, with shared components and perspectives,

rather than partnerships that consist of unique separate
entities (Fullan, 2005; Senge, 2006). This involves develop-
ing a shared culture over time, building the collective
capacity of the partners to learn together, both within each
partnership and across the partnership, with a focus on the
shared work of the project. Understanding the stages of
group development provides insights into the process of
building interdependence and ways of working together
(Tuckman & Jensen, 1977). We began with the nuts and
bolts of when, where, and how to manage the work and,
over time, began to understand how to collaborate and
communicate as partners to achieve project goals. This
includes important details like clarifying roles and respon-
sibilities to best ensure the project will benefit the school
district as well as the university. It must be a reciprocal
relationship without hierarchal dynamics that marginalize
or minimize the partners.

Critical to successful partnerships is knowing the formal
and informal, procedural policies and chains of command
for effective communication and collaboration within
the unique systems of each partnering school, district,
and university. For example, one of the district-based
co-principal investigators presented the organization chart
of the school district to help the university researchers
understand the structure of the district. This provided
ways to think about how to effectively facilitate the logis-
tics of the work. Understanding the leadership and
management structures ensures that project conversations
include the essential partners. Knowing the organizational
structures of each partnership and who is responsible for
procedures and policies can build relational trust.

Partnering requires flexibility regarding some responsibili-
ties, such as the facilitation of the weekly meetings, but
also requires firm commitments to other responsibilities,
such as agreed commitments to the data feedback process,
ways to address challenges, and monitoring of the work
plan. Developing “partnership competence” requires hon-
oring key stakeholders as individuals, while at the same
time rising above a focus on individuals to the creation of
a synergistic team with collective responsibility for achiev-
ing shared goals (Ravid & Handler, 2001).

A working partnership is grounded in an action/work plan
with specific measurable benchmarks and mechanisms
for monitoring progress toward achieving those bench-
marks, with a management team of leaders who agree on
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project roles and responsibilities. These include a full com-
mitment to regular meeting times, the use of equitable
communication practices, and frequent data feedback to
support decision-making and to inform stakeholders of
progress towards achieving project goals.

In particular, it is important that expectations regarding
data collection, analysis, and the process for public presen-
tation are made explicit. Researchers should honor agreed
upon processes for sharing data with school district
administration or appropriate stakeholders. These data
conversations across the partnerships are crucial for guiding
the project, developing knowledge, and determining future
directions. In our project, we found that processes for
sharing data—including classroom observations, case stud-
ies, research articles, and stories from practice—provided
opportunities to build a knowledgeable and viable part-
nership with a common vision and shared language
to discuss that vision. This can only happen if there are
protocols about how data are shared and discussed both
within the project and with the broader community.

Opportunities for partners to learn together are essential
for building trust, creating shared knowledge, and engag-
ing in unified decision making. Such opportunities neces-
sitate a culture of sustainable learning in the partnership
in relation to the project goals and purposes. Developing
common professional knowledge is important in order for
the partnership to clarify purposes, strategies, and lan-
guage for their own learning. The partnership itself can
become a professional learning community, developing
common knowledge and skills needed for the work at hand.

B. STRUCTURES
To be sustainable, it is important for partnerships to build
their capacity to support and sustain distributed or shared
leadership, both within and across the partnerships and
with key stakeholders in the school district. District leaders
should serve as co-principal investigators on projects.
School board members and teacher-researchers can func-
tion as leaders across both the school and university
domains. These opportunities to develop shared leadership
help build collective capacity to achieve project goals and
are paramount to the sustainability of projects.

In many cases, structures need to be created to support
effective and collaborative communication across partner-
ships. Some of these communication structures help
support the management of the project. For instance, it

can be important to provide ready access to school district
and university calendars so meeting dates and times can
be easily set and posted.

In other cases, it is a matter of leveraging existing organi-
zational structures within each member of the partnership,
including understanding the broader contexts of these
structures as well as the barriers and opportunities they
present. For example, in schools where professional learn-
ing communities of teachers meet regularly to discuss
project data and consider implications, it can be useful for
researchers to become members as well—participating in
the discussion alongside teachers.

The school, district, and university partners should focus
on developing a systemic and inclusive approach through
the partnership. This requires not simply developing and
strengthening communicative structures between collabo-
rators across the partnership, but among the broader
community as well. Sustainable capacity for the project is
strongly influenced by the development of both internal
and external stakeholders’ understanding and commitment
to the project over time. Support from the wider school
community and those who influence policy, such as school
board members, politicians, or external stakeholders, is
vital. Shared knowledge helps to build a comprehensive
base for understanding the research project, especially
when leadership changes. Many worthwhile partnerships
have ended because of a single leadership change.

At times, existing leadership structures may serve as barriers
for true collaborative practices. Partner projects should
utilize readiness instruments and tools to identify where
the partnership is, what the concerns are, and understand
how change occurs within organizations (Banathy, 1996;
Fullan, 2005; Hall & Hord, 2001). Learning brings change
and the partners will need to understand how to assess the
levels of implementation, collaboration, and determine the
impact of their efforts.

One strategy to build collective capacity for the project is
through supportive team structures. The Scaling up
Mathematics Achievement (SUMA) research project utilized
a district mathematics leadership team as a structure to
think interdependently about mathematics teaching and
learning in the district (Kinzer & Bradley, 2009, 2010).
This leadership team included stakeholders from all levels
of the system—teachers, administrators, parents, university
researchers, mathematicians, professional development
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providers, and project staff. The leadership team had the
opportunity to engage in classroom observations, analyze
data, develop a shared vision of effective teaching, and
provide feedback to the research project (Kinzer & Bradley
2009, 2010). Additionally, another project team considered
management details, such as scheduling classroom obser-
vations, meeting with evaluators or statisticians, and when
to arrange data sharing with key stakeholders. The teams
must have access to relevant project information through
effective communication structures.

C. PROCESSES AND PRACTICES FOR LEARNING
It is necessary to determine whether the schools or district
even desire change or whether the organization is satisfied
with the current state. If a partner district is not actively
interested in change, or does not see a need for change,
it may be difficult to form a collaborative partnership.
Project data can often be a useful tool for addressing the
need for change as well as documenting how that change
can be accomplished.

In our partnerships, gathering data at both the classroom
and district levels regarding changes in mathematics
teaching and learning and sharing that data across the
partnership was important. While the research team
gathered much of the data, it was necessary to develop
feedback loops to inform university and district partners,
so all could meet together to discuss the meanings and
implications of the data.

The careful use of data can be helpful in mediating project
decisions, allowing decisions to be based not just on
opinions, but on what is actually happening in terms of
teacher and student growth. For that reason, a process for
scheduled data and knowledge sharing is essential. This
process, a learning cycle, uses data purposefully to support
continued improvement.

In the SUMA project, the school district used its school-
based professional learning communities to discuss project
data and its implications for teaching. Data based decision-
making increased in the schools. Because of the focus on
data to support learning, there was growth in teacher’s use
of formative assessment data in their math classrooms.

As a result of these collaborative discussions about project
data, both the schools and the university partners are
asking better questions about the data and the implications
for both the research project and student learning.

D. RESEARCH
School, district, and university partnerships require a
commitment to share goals, provide appropriate resources,
measure progress toward those goals, and utilize a recursive
process to collaboratively study and learn through the
research.

It is important for everything associated with the research
agenda of the project to be made explicit, including
project timelines, resources, research plans, data analysis
strategies, and data reporting protocols. Any managerial
details associated with the unfolding of these collaborative
efforts also need to be clarified. Unexamined assumptions
about this aspect of the project work and the proposed
work plan can create obstacles.

The research focus of a project can provide opportunities
for professional learning in the district, particularly when
district-based teacher-researchers are involved in the
research effort. These individuals are important connectors
between the cultures of the school district and the univer-
sity. While they are learning the skills and knowledge
needed as researchers, they observe in classrooms and
work with school district administrators and practitioners.
These district-based partners support effective communi-
cation, as they have both the district and university
contexts in mind, and are integral interpreters during
the implementation of the project that can help bring
coherence to the partnership.

The research effort can also provide opportunities for
university partners to gain a better understanding of the
challenges district leaders face as a project unfolds, espe-
cially with regard to district, state, and federal guidelines
and expectations of compliance. As our research partnership
progressed, we were often reminded of the fact that the
school district has many masters, subjects, guidelines, and
emergencies that need to be addressed. There are also the
ongoing working realities and challenges related to chang-
ing policies, budgets constraints, and mandates. With a
shared commitment to project goals and a viable process
for collective decision-making, these types of challenges
are minimized when engaging in school based research.

As a partnership, we developed a shared understanding of
the essential components in effective mathematics class-
rooms and refined classroom observation instruments
based on both research and the shared vision. Through
this purposeful collaboration the research process has
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contributed to improvement of mathematics teaching and
learning in the school district.

Summary
Partnerships between schools, districts, and universities
require a collective responsibility for collaborative struc-
tures, processes, and resources for achieving shared project
goals. It is essential that crucial conversations take place at
the onset to address possible preconceived notions,
assumptions, or conflicting agendas.

Conversations that are supported by norms, protocols, and
explicit structures that reinforce collaboration and provide
time to build trusting relationships can be instrumental in
bringing partners together to engage in collective work.

Partners learn from each other and create a shared culture
for collaborative knowledge building and continued
learning beyond the research project. Sometimes it is best
to start with small projects so that confidence and compe-
tence in the partnership are built slowly and provide a
foundation for growing efforts.

Both the district and the university will initially come to
the table with very different lenses and ideas; the IC map
can stimulate critical conversations about the shared work.
The IC map is useful to collectively assess readiness; design
and monitor progress, and strategically consider the roles
and responsibilities of the school district and university
within the project plans to implement a successful research
partnership.
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Introduction

The National Science Foundation, through its
funding of curriculum projects such as Everyday
Mathematics that include a family component,
demonstrates its recognition of the significance of

families in mathematics education. This is just one example
of several curriculum projects and school initiatives that
value collaboration with families. Such efforts respond to
the National Council of Teachers of Mathematics’ call to
build family understanding of current school mathematics
goals and instructional practices so that home and school
may support each other (National Council of Teachers of
Mathematics, 2000).

However, in-service professional development efforts for
teachers and administrators focus primarily on under-
standing the curriculum’s teaching and learning objectives
(Ball, 1996; Nelson & Sassi, 2000). Less emphasis is placed
on efforts to understand how families view these objectives
and to develop ways to involve families meaningfully in
their child’s learning of mathematics (Remillard &
Jackson, 2006).

This is true for pre-service teacher education as well. The
formal preparation of educators to partner with families
in any form is under-emphasized in teacher education
programs (Shartrand et al., 1994; Hiatt-Michael, 2001;
Witmer, 2005). This is despite research findings suggesting
that productive collaboration with families has a positive
impact on attitudes towards mathematics and mathematics
achievement (Bezuk, Whitehurst-Pane, & Aydelotte, 2000l;
Kliman, 1999).

Examinations of the nature of teacher collaboration with
families have documented that many teachers do not have
adequate knowledge and skills necessary for promoting
family partnerships that support students’ academic
achievement (Ratcliff & Hunt, 2009). For example, some
researchers found teacher collaboration with families con-
sisted primarily of a “laundry list that good parents do”
(Calabrese Barton et al., 2004; p.3). Other researchers
found that teacher collaboration with families focused
only on “how to” strategies for dealing with situations such
as “difficult parents” or parents of children with learning
disabilities Ferrara and Ferrara (2005).

To strengthen how teachers might productively collaborate
with families, we designed a university-sponsored mathe-
matics professional development program that would pro-
vide opportunities for teachers to investigate “parent-child
collaboration” while working with family members in their
own mathematics classrooms, with an eye to how what
they learned from these investigations might inform their
efforts to build strong collaborations with families around
mathematics teaching and learning. The term “parent-child
collaboration” in mathematics refers to the manner in
which a parent and child work together on mathematical
tasks such as daily homework and projects.

Assessment of this professional development program was
conducted to determine its impact on teacher understanding
of how and why parents and children work together the
way they do in mathematics and the role of the teacher in
nurturing productive parent-child collaboration.
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Literature Review
The most basic premise of Vygotsky’s theory (1978) is that
a child’s intellectual development is a produce of their
social environment. Vygotsky points out that this social
environment contributes to the cultivation of a child’s
higher order thinking skills when adults provide guidance
within a child’s zone of proximal development—a cogni-
tive state in which the child cannot yet quite solve a prob-
lem by themselves and is responsive to social guidance.
This social guidance is often referred to as “scaffolding.”

A link between Vygotsky’s view and family involvement in
mathematics education exists. Researchers find that fami-
lies, as a unit of the social environment, act as positive
influences for attaining success in mathematics when they
provide assistance that reflects a scaffolding approach
(Connor & Cross, 2003; Vygotsky, 1978; Wood &Middleton,
1975). Family members using such an approach are
attuned to the needs of the learner, guiding the learner
within his or her zone of proximal development, and
readjusting their assistance as the learner progresses to a
new ability level. Guidance of this nature reflects what
Hyde et al. (2006) term as “quality” assistance that is just
as important, if not more, as the quantity of assistance.

However, many family members face the challenge of their
lack of familiarity with the reform mathematics curricu-
lum materials (Burns, 1998). These family members may
struggle when trying to assist their child in a manner
reflective of the scaffolding approach. They may also feel
uncomfortable abandoning a drill and practice approach
that worked well for them when they were in school
(Epstein & Jansorn, 2004). Researchers warn that unfamil-
iarity and resistance can challenge reform efforts when
family members choose to assist their child in ways that
only mirror their past learning environment as opposed to
that of their child’s (Remillard & Jackson, 2006).

Given the difference family members can make in a child’s
mathematics performance, it is important for teachers to
support and encourage collaborations in ways that address
the challenges family members may feel when they seek to
support their child’s mathematics learning. This is particu-
larly true for family members that come from different
learning environments, have low levels of formal educa-
tion, or are from low-income communities. Civil and
Bernier (2006) highlight the need to move teachers away
from a “deficit model” where family members are under-

utilized and devalued, to a mindset where family members
are valued as “intellectual resources” regardless of their
economic, cultural, and educational backgrounds.

Calabrese Barton et al. (2004) reflect this focus on engag-
ing family members, regardless of their backgrounds,
using their Ecologies of Engagement Framework where
they define parental engagement as “a dynamic, interactive
process in which parents draw on multiple experiences
and resources to define their interactions with schools and
among school actors” (p. 3). This framework represents a
shift from focusing primarily on what family members do
to engage in their children’s education, to also learning
about the “hows and whys” behind their actions. This shift
enhances Epstein’s (1987) theory of overlapping spheres of
influence that identifies students as the main actors in
their education, supported by others at home, at schools,
and in their communities. When attention is given to
Epstein’s concept of multiple forms of support, with a lens
reflective of the deep understanding advocated by
Calabrese Barton et al. (2004), it is likely that productive
collaborations that benefit students, strengthen families,
and improve schools can be designed.

To determine how best to structure a learning environment
for teachers that addressed these productive collaborations
while also providing parents with insight into their child’s
learning of mathematics, an investigation of best practices
for teacher education and family involvement initiatives
was conducted. During that investigation, it was noted
that Situated Cognitive Theory (Choi & Hannifin, 1995;
Jonassen & Rohere-Murphy, 1999) suggests to teacher edu-
cators that new knowledge comes from implementing and
observing actual school-based teaching. Darling-Hammond
& McLaughlin (1995), Lee (2005), and Sawchuck (2009),
as a result of their evaluations of teacher education and
professional development programs, found that continued
support from teacher educators, coupled with opportuni-
ties for teachers to share feedback with their colleagues,
cultivates professional growth in a community of practice.

When reviewing the research on how best to support family

engagement, findings favored efforts that focus on building

parents’ understanding of the changes in mathematics

teaching (Sheldon & Epstein, 2001), especially the use of

manipulatives as tools for learning (Mistretta, 2004;

Orman, 1993; Dauber & Epstein, 1993; Epstein, 1986). In

addition, parents were found much more knowledgeable
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about their children’s learning of mathematics at the close

of a series of activities where both parents and children

engaged in mathematics tasks together (Tregaskis, 1991;

Lachance, 2007; Fagan, 2008). These established learning

conditions for parents as well as those described previously

for teachers provided the foundation for the professional

development program that was crafted and is discussed in

this paper.

Methods and Procedures

PARTICIPANTS
An inner-city nonpublic school population of 147 pre-
kindergarten through 8th grade students and their parents,
along with their seven mathematics teachers agreed to
participate in the professional development program.
There was one teacher for both pre-kindergarten and
kindergarten, one teacher for each of grades 1 through 5,
and one teacher for grades 6 through 8. The 2nd grade
teacher had 18 years of teaching experience, while the 1st
grade teacher had three years, the pre-kindergarten/
kindergarten teacher two years, and the others were first
year teachers. Five teachers were state certified and two
were working towards it. Four teachers were Caucasian,
two were Hispanic, and one was Pacific Islander. In addi-
tion to receiving professional development credit, the
teachers also received a stipend for their participation in
the program.

The students’ ethnic backgrounds consisted of 82%
Hispanic, 14% Afro-American, 3% Caucasian, and 1%
Asian. There were 75 male and 72 female students, and
there was one class per grade level except for pre-kinder-
garten and kindergarten, which were merged due to the
small number of students in each.

All families in the school participated in the professional
development program and received incentives for their
involvement; these incentives included home instructional
materials, student dress-out-of-uniform passes, and free
raffle tickets for prizes consisting of school supply store
and supermarket gift cards. Dinner was also served prior
to each of the family sessions. All families were fluent in
English and were classified as low socioeconomic status,
with approximately 81-90% of the children qualifying for
free lunch.

PROFESSIONAL DEVELOPMENT PROGRAM
The professional development program consisted of four
2-hour teacher workshops and three 2-hour family sessions
that took place over eight weeks during the first half of
the school year. In these sessions, participating teachers
engaged their own students and parents in mathematics
tasks, gathered and analyzed data, and shared findings
with their colleagues.

During the four 2-hour teacher workshops, teachers
prepared to facilitate the family sessions, using the same
mathematics tasks they would later use with family mem-
bers during the family sessions. Teachers also learned how
to collect data (surveys, field notes, work samples, and
written reflections) during the family sessions and analyze
these data. Finally, teachers discussed their findings at
workshop sessions scheduled a week after each family
session in order to create opportunities to share and
discuss data on an ongoing basis with the other teachers
participating in the project. Because the grades 6 through
8 group of family members was large, several additional
teachers joined these teacher workshop sessions in order to
be able to provide support to the grade 6 through 8 math-
ematics teachers facilitating the family sessions for those
grade levels.

The three 2-hour family sessions were facilitated by these
participating teachers in the evening with support from
the project staff and the school principal. The sessions
were designed to inform and engage family members,
promote reflection, and build collaboration between
parents and children with regard to mathematical learning.
Because tangrams were being used by teachers during their
mathematics instruction as a result of prior professional
development at the school, and were familiar to both
teachers and students, these materials were also a focus of
the family sessions.* All teacher workshop and family
session guidelines as well as related hand-out materials
used throughout the professional development program
can be found in Teachers Engaging Parents and Children
in Mathematical Learning: An Approach for Nurturing
Productive Collaboration (Mistretta, 2008a).

The family sessions were announced with an invitation to
parents that included a request for information about
times that would best suit their schedules. To personalize
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* Tangrams consist of seven geometric shapes including two large triangles, one medium triangle, two small triangles, one square, and one
parallelogram.
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the invitation, students designed their own covers, and
teachers then stapled the invitation inside each student’s
cover and sent them home. The sessions were then sched-
uled, taking parent time constraints into account, to the
extent possible.

At the beginning of the first family session, teachers asked
parents to complete a survey designed to help them better
understand how and why parents and children work together
at home. After administering the survey, the teachers out-
lined the agenda for each of the family sessions. Teachers
then led a discussion on constructivist teaching practices
that addressed how these instructional practices use a
developmental approach, with individual learners actively
building new knowledge as they interact with people and
things in their environment (Cathcart et.al, 2006). The
discussion then turned to the topic of using manipulatives,
specifically tangrams, as a tool to support mathematical
learning. Teachers presented the tangram set and talked
with parents about how they would be participating in
tangram activities with their children in ways that were
similar to how their children were exploring tangrams in
their classrooms. A question and answer session followed
so that parents could ask questions and comment on the
content of the session.

The second family session provided a concrete, active
learning environment for participating families. Teachers
distributed tangram sets and let parents and children
know they were about to engage in activities involving
spatial reasoning, computational skills, and problem
solving. Time was provided for free exploration to foster
parents’ familiarity with the pieces. After eliciting informa-
tion about the size and shape of the pieces, teachers posed
the following questions concerning the relationships
among the pieces:

• How does the small triangle compare with the medium
triangle?

• How does the small triangle compare with the large
triangle?

• How does the medium triangle compare with the large
triangle?

• What tangram pieces can be joined together to form
other tangram pieces?

• How many ways can you cover the large triangle with
other tangram pieces?

Additional small triangles were distributed in case families
wished to use them when exploring the relationship
between the small and large triangle. Teachers circulated
among their families to give assistance and observe inter-
actions between the children and their parents.

Families then discussed as a whole group what they had
discovered about their tangram sets. For example, the
small triangle is half the size of the medium triangle, the
small triangle is one-fourth the size of the large triangle,
and the medium triangle is half the size of the large trian-
gle. Other discoveries were that the two small triangles can
form both a square and a parallelogram shedding light on
the fact that both shapes have the same area because they
both contain the same amount of space (the two same
sized small triangles) but just in different representations.
By covering the large triangle in different ways, families
discovered how the large triangle can consist of: two
medium triangles, two small triangles and the medium
triangle, two small triangles and the square, or two small
triangles and the parallelogram.

To initiate an activity that involved spatial reasoning and
connected their discoveries with a computational task
(Fuys & Tishler, 1979; ETA/Cuisenaire, 2007), teachers
asked their families to arrange the seven tangram pieces
into an outlined cat that was distributed to them. A mone-
tary value was assigned to the smallest triangle of the tan-
gram set and teachers posed the following questions
according to grade level:

• Grades Pre-K to 2: How much does the cat cost if the
smallest triangle costs 1¢?

• Grades 3 to 5: How much does the cat cost if the
smallest triangle costs 20¢?

• Grades 6 to 8: How much does the cat cost if the
smallest triangle costs $3.25?

Parents and children were instructed to use what they
discovered about the relationships among the tangram
pieces to arrive at their solutions. For the Pre-K to Grade 2
families, an outlined cat with the tangram shapes drawn
inside was used, and an additional 14 triangles were dis-
tributed so the cat could be covered with 16 triangles, thus
providing these children with the option of finding the
cost of the cat by counting by ones rather than adding
larger numbers or multiplying. Teachers advised parents
not to do all of the telling, but rather, explore their
children’s mathematical thinking by asking prompting
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questions such “Where shall we begin?” “What do we
know that can help us?” and probing questions such as
“Can we approach this another way?” “Why?” and “How?”

The next step involved small and whole group reflection
on this work (see Figures 1 & 2) and sharing ideas about
how they obtained their solutions. Questions posed by the
teachers included:

• What was your answer and how did you get it?

• Did you solve the problem in one or many ways?

• Did you and your child approach the task in the same
way? If not, whose method did you use? Why? How
did your methods compare?

• How did you help each other?

• What questions did you ask?

Teachers concluded this second family session by distrib-
uting paper tangrams and explaining a mathematics task
for the families to do at home that extended the session’s

experience. This mathematics task involved having families
create their own tangram design and find its cost, given
another assigned monetary value for the smallest triangle
piece of the tangram set. Material designed to guide the
parent explorations with their children was distributed
and parents were asked to bring all completed work to the
third family session.

The main goal of that third session was to share the family
work on the tangram problem given at the end of the last
session (see Figure 3) and reflect together as a community
of learners. To initiate reflection, teachers invited families
to talk in small groups about their work on the tangram
problem, using the same questions posed during the second
family session about the nature of their collaboration.

At the end of the session, parents and their children were
asked to write a reflection about their experience collabo-
rating, with parents or a teacher scripting the thoughts of
any younger children whose writing skills were not yet
developed. These reflections, along with the written mate-
rials that families brought to the session, were collected at
the end of the session.

MEASURES
The parent survey (Mistretta, 2008b) consisting of 14
statements requiring 5-point Likert scale responses and
one narrative response question served to investigate how
the parents collaborated at home with their children in

FIGURE 1: Grade 1 Work Sample FIGURE 2: Grade 3 Work Sample



mathematics and the challenges they faced.Work samples
of assigned tasks done at home were graded with a 4-point
rubric to assess the quality of work completed by the
families.Written reflections served to identify student and
parent feedback concerning the most enjoyable and chal-
lenging aspects of their collaboration.

To keep a written record of their observations of parental
assistance, the questions posed to children by parents, and
the verbal communication among the families, teachers
took field notes during small and whole group discussions
and while observing the parents and children working on
their tasks.

A journal consisting of four entries was kept by each
teacher throughout the professional development program.
This was used to assess and monitor initial perspectives of
teachers about parental involvement, reactions to the find-
ings from collected data, and their developing perspectives
about parental involvement and their role in cultivating it.
More specifically, the first entry required the teachers to
write about their perspectives concerning parents’ interest
in and commitment to collaborating with their child, their
willingness as a teacher to include parents in their children’s
mathematical learning, and any practices they currently
implemented to include parents in their child’s learning of

mathematics. For the second journal entry, the teachers
used their findings from the parent survey to describe
what they had learned about what parents do most and
least concerning their child’s mathematical learning and
any challenges parents face helping their child with mathe-
matics. The third journal entry focused on using the field
notes collected during the second family session to focus
on the following: Describe the interaction you observed
between the parents and children as they worked on tasks
together; Describe the responses you heard during the
discussions as families worked on tasks together; and Have
these observation or responses informed your understanding
of parent-child collaboration and your related instructional
practices? If so, how? The fourth journal entry centered on
the third family session and required the teachers to use
their collected work samples, field notes collected during
this session, and written reflections at the end of the ses-
sion to respond to the following questions: What scores
did most families achieve on the home mathematics task?
Have the work samples (solutions and solution strategies)
informed your understanding of parent-child collaboration
and related instructional practices? If so, how? Describe
the responses you heard during the discussions. Describe
the enjoyable and challenging aspects stated in the written
reflections. Has any particular solution, method of solu-
tion, or responses during discussions informed your

understanding of parent-child col-
laboration and related instruction-
al practices? If so, how?

Four group interviews with teach-
ers were conducted and audio-
recorded during each teacher
workshop using questions that
reflected those of the journal
entries. Notes were transcribed
afterwards and compared with
each teacher’s corresponding
journal entries to assess consistency
between their journal entries and
interview responses as well as
clarify any unclear responses in
either the journal or interview.

Data Analysis
Each teacher analyzed the data
concerning their classroom families.
They tallied the parent survey
Likert-scale responses and scores
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from their family work samples. They conducted content
analyses on their parent survey narrative response ques-
tion, field notes, and written reflections. Survey narrative
responses were coded and tallied to determine emerging
themes. Field notes and written reflections were coded and
tallied to note trends in both the observed parent-child
interaction and the written reflections from parent and
their children. These data were also analyzed by project
staff to ensure consistency of findings. In addition,
teachers’ journal entries and transcribed notes from small
group interviews with teachers were coded and tallied by
project staff to determine and compare emerging themes.

Discussion of Findings
After analyzing the teachers’ first and second journal
entries and related interview responses, it was clear that
each teacher noted that at the onset of this project there
seemed to be limited discussion between parents and
children about how answers to mathematics problems
are obtained. Teachers each indicated that most parents
involved themselves in only checking that homework was
done and reviewing for upcoming tests. Such limited
parental involvement may have been a consequence of the
teachers themselves unintentionally limiting parent
involvement.

For example, all of the teachers initially acknowledged the
value of involving parents, yet expressed a lack of confi-
dence in the mathematics content knowledge of their
parents. As a result, they each indicated their decision to
give parents tasks they felt they could do—checking
homework, reviewing for tests, and drilling multiplication
tables. In addition, communication with parents about the
mathematical learning going on in their classrooms
consisted only of written letters focusing on classroom
procedures such as when homework is given and how
grades are calculated.

On a more positive note, the teachers’ desire to learn how
to more effectively involve parents in their child’s learning
of mathematics was evident. They all admitted they under-
utilized parents because they viewed their parents as not
having the educational background to help their child, and
didn’t know how to alleviate the situation, but wanted to
know how to involve parents more productively. This
admission of and willingness to move away from the
“deficit model” of parents previously described by Civil &
Bernier (2006) provided an opportunity to develop new

understandings of what it might mean to engage parents
in the mathematics learning of their children.

When analyzing the narrative responses to the parent
survey question, the teachers noted that parents referenced
their lack of content knowledge and differing prior learning
environments as reasons for their limited mathematical
discussion with their children at home. The teachers each
noted that the majority of their parents made comments
such as “Mathematics today is taught differently than in
my time. I don’t want to confuse my child.”

The teachers, in their third journal entry and related inter-
view responses, each noted the benefits of engaging fami-
lies in mathematics tasks in their own classrooms. They
each viewed this setting as a means for building parents’
content knowledge and understanding of “why we teach
the way we do.” They each acknowledged, as well, the use-
fulness of their recent opportunities to observe the forms
of interaction between parents and their children and, at
times, offer appropriate guidance. For example, one fourth
grade teacher stated the following:

“I see the need for me to help my parents realize it is
essential to talk about math problems with their child
even though they themselves may have struggled as a
math learner. I have to encourage my parents to try
and understand how their child arrives at their
answers even though they themselves may approach
the problem differently. I need to guide them to better
understand how their child thinks so that they can
productively help them.”

These words merit recognition since they surface a realiza-
tion of the need for teachers to support parents’ efforts to
better communicate with their children. A more focused
lens on the specific words “I have to encourage my parents
to try and understand how their child arrives at their
answers even though they themselves may approach the
problem differently,” suggests the need for teacher educa-
tors to better prepare teachers to encourage connections
between a variety of methods of solution. For example,
when teachers facilitate communication within families
about how differing methods compare and contrast, the
approaches of both child and parent are recognized and
valued, as opposed to one approach being viewed as inferior
to the other. This type of communication among parents
and children not only builds appreciation for diversity in



methods of solution, but also supports the scaffolding
approach (Vygotsky, 1978; Wood & Middleton, 1975) by
linking multiple approaches to build deeper meaning for
the child.

An encouraging moment for the teachers was when they
each noted their parents transitioning from a role of
telling to one of listening and guiding. Most of their
parents initially took control of conversations in an
explanatory manner, using only one method of solution
(theirs), and posing short answer questions requiring a
yes/no or a number response. As the family sessions
progressed, each teacher witnessed parents’ receptiveness
to their guidance and suggestions, and detected more
meaningful collaboration starting to occur. For instance,
parents began to question more and tell less by posing the
prompting and probing questions offered by the teachers.

The teachers also noted how much their parents’ enjoyed
talking with their children about their thinking and
conversing with other families about their successes and
challenges. The children were also observed by each
teacher as very willing to explain their thinking to their
parents. For example, one first grade teacher stated the
following:

“The parents found the activities fun and wished they
used manipulatives for math when they were in
school. The parents had the opportunity to see how
their child can reason and think. In the beginning, the
parents were just giving the children the answers.
When I told them the children had to explain how
they arrived at their answer, they really listened and
started to ask guiding questions instead of telling. This
was a valuable experience for me because I saw how
the families genuinely want to help their children with
math and can if I properly guide them.”

Experiencing this receptiveness, on the part of both parents
and children, allowed the teachers to see the value in playing
the role of catalyst for productive family collaboration.

The teachers’ fourth journal entry and related group inter-
view indicated that each teacher found most of their family
scores on the home mathematics tasks to be 3 or 4, indi-
cating accurate solutions and methods of solution. The
following reflection from a second grade teacher indicates
a realization that productive family collaboration on
mathematics tasks can indeed be a productive undertaking:

“The parents really wanted to be involved in the learning
process and did great work at home with their child.
I learned through conversations with them that they
work late and by the time they arrive home they don’t
have enough time to go over the homework in a way
they would like to. I therefore need to involve them in
a project like we just gave them to do at home with
enough time and guidance to do it.”

Through the analyses of these home mathematics tasks,
teachers realized that quality collaboration on mathematics
tasks can happen at home when the proper support is given.

Each teacher, after analyzing the parent and child written
reflections about the collaborative experiences, noted that
most children appreciated the opportunity to share their
own methods of solution that were often different from
their parents’ way of answering. For example, a fourth
grade student made the following comment on the collab-
oration with her mother: “This was great; now she listens
to what I think.” The teachers also noted that most of their
children said they felt challenged when their parents asked
them how or why they arrived at their answers, but this
was helpful to them. For example, a fifth grader reported,
“It was hard to say what I was thinking. It kind of hurt my
head. But it did help me sort things out.”

The teachers noted, as well, that most parents expressed an
appreciation for being able to witness their child thinking,
and viewed the time collaborating as an opportunity to
build better understandings of each other. At the same
time, most parents viewed listening and guiding their
child’s mathematical thinking as a challenge because they
were used to telling their children the answers and how to
obtain them. A parent’s comment reflecting this point was
“I’m starting to catch myself. I listen more now before
jumping in. It’s not easy though, but I’m getting there.”

Conclusions
This professional development program, designed to
support family engagement in mathematics, provided an
opportunity for teachers to build parents’ knowledge of
mathematics content and pedagogy. But even more, it
provided tasks and venues for the teachers to note the
ways families collaborated and the reasons behind their
actions. Teachers were able to witness the willingness of
parents to collaborate with their children on mathematics
tasks and activities. They were also able to witness the
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extent to which children enjoyed sharing their mathematical
thinking with their parents. As a result, the participating
teachers gained a deeper sense of value for the role of
parents in the mathematics learning of their children, and
recognized the role they might play in supporting this
parent-child collaboration. Teacher preparation as
described in this paper warrants consideration. Civil &

Bernier (2006) state that teachers can influence the success
or failure of efforts that seek to change the ways parents
participate in their child’s education. If parents need to
productively involve themselves in their child’s learning,
teacher educators need to focus their attention on prepar-
ing teachers with the knowledge and skills necessary to
cultivate such involvement.
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